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Abstract

Quantum information theory builds upon its classical counterpart by incorpo-
rating uniquely quantum phenomena such as superposition, entanglement, and
measurement incompatibility. This unlocks powerful advantages in several
information processing tasks, including quantum parallelism in computation
and unprecedented security in cryptography, as exemplified by quantum key
distribution. Any information processing task—be it computation, communica-
tion, or cryptography—relies on the process of discrimination at its core. This is
because regardless of the complexity of the task, it will fundamentally involve
a sender encoding information into distinguishable states of an object and a
receiver attempting to decode the information. It is important to note that the
importance of the discrimination process is not restricted to mere information
extraction. It also helps reveal the underlying features and limitations of a theo-
retical framework. This thesis uses discrimination tasks in various scenarios,
exploring their implications for quantum information processing.

First, we propose the task of local state marking (LSM), a novel variant of
the local state discrimination (LSD) task. While mutually orthogonal states can
always be marked exactly under global operations, this is in general not the
case under the LOCC framework in which the parties can only perform local
quantum operations (LO) on their respective subsystems and can communicate
with each other classically (CC). We show that the LSM task is distinct from the
vastly explored LSD task— perfect LSD always implies perfect LSM, whereas
we establish that the converse does not hold in general. More precisely, we
establish that local unmarkability is a stronger form of nonlocality than local
indistinguishability. We also explore entanglement-assisted marking of states
that are otherwise locally unmarkable and report intriguing entanglement-
assisted catalytic LSM phenomenon.

Thereafter, we use a discrimination task to comment on the theoretical
frameworks guiding the composition of local quantum systems. We contrast
the communication utilities of the maximal tensor product theory and quantum
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Abstract 

theory. This demonstrates that these frameworks yield distinct utilities in a 
simple communication game involving two players in a pairwise distinguishabil 
ity task. Since bipartite correlations from this broader maximal tensor product 
state space in Bell-type experiments are quantum simulable, our findings sug 
gest that a beyond-quantum composite structure can produce non-quantum 
correlations in a timelike scenario. Our results also indicate that the gap in 

communication utility between these two theories can be increased further by 
considering more elementary systems. Hence it welcomes new principles to 
isolate the quantum correlations from the beyond quantum ones. Additionally, 
we establish a n0-go result showing that the classical information capacity of 
these alternative compositions cannot exceed that of the corresponding quantum 
composite systems. 

Finally, we turn our attention to Bell nonlocality, a phenomenon of profound 
theoretical significance and immense practical utility in quantum information 
science. Bell inequalities are useful in discriminating post-classical or nonlo 
cal correlations from classical ones. The utilization of nonlocal correlations in 

suitable information-theoretic tasks offers distinct advantages over classical 

correlations, underscoring their inherent resourcefulness. With this in mind, 
we investigate nonlocality distillation, a process that uses a natural set of free 
operations, called wirings, on multiple copies of weakly nonlocal systems to 
produce correlations with stronger nonlocality. In the simplest Bell scenario, we 

propose a protocol, the logical OR-AND wiring, which can distill nonlocality to a 
significantly high degree starting from arbitrarily weak quantum correlations. 
This distillation procedure will be shown to be effective in discriminating post 
quantum correlations from quantum ones as well. 

xiv 
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Chapter 1

General Introduction

1.1 Motivation
We are currently living in the age of information, which began with the ground-
breaking work of Claude Shannon in 1948 [1], often referred to as the "father of
information theory." His pioneering research established a mathematical frame-
work for quantifying information, introducing key concepts such as entropy, data
compression, and channel capacity. Shannon’s theorem outlines the limits of
reliable communication over noisy channels, forming the foundation for digital
communication, data storage, and error correction.

At the core of reliable communication—and, more broadly, any information-
processing protocol—lies the essential discrimination task. Extracting infor-
mation relies on the ability to effectively distinguish the objects encoding that
information. Since communication deals with the sending of classified infor-
mation among several parties, security concern is an important issue here. In
the presence of adversaries attempting to intercept communication between
parties, security is compromised. To facilitate secure communication between
parties, the RSA encryption was developed [2]. The security of the RSA encryp-
tion scheme assumes that adversaries have limited computational power. This
limitation is a cornerstone of the scheme’s cryptographic strength. Specifically,
the RSA encryption relies on the difficulty of factoring large composite numbers
into their prime factors, which becomes computationally infeasible as the key
size increases. However, in 1994, Peter Shor gave an algorithm based on the
adversary using a quantum algorithm [3]. He showed that his algorithm can
efficiently factorize large integers, thus breaking the foundation on which RSA
encryption relied. His algorithm, along with the protocol put forward by Charles

1



General Introduction

H. Bennett and Gilles Brassard in 1984 [4], commonly known as the seminal
BB84 protocol, marked a significant breakthrough in quantum computing be-
cause of its profound implications for cryptography, particularly for widely used
schemes like RSA. This was the first proposed quantum cryptographic protocol,
essentially based on the ideas by Stephen Wiesner, developed in the late 1960s
[5]. The security of the BB84 protocol leverages a uniquely quantum mechanical
property: non-orthogonal pure quantum states cannot be reliably distinguished
[6]. Consequently, a fundamental limitation in discrimination within quantum
theory, when strategically utilized, proves to be more advantageous than classi-
cal methods. This underscores the significance of discrimination tasks, which
extend beyond mere information extraction. When appropriately designed, such
tasks can effectively harness the distinctive features of an underlying theory
within an information-theoretic framework.

Quantum theory stands as the most precise framework to date for describ-
ing the physical universe. Apart from gravity, it offers an exact mathematical
representation of natural phenomena, encompassing everything from molecular
structures to the behavior of elementary particles. Fundamentally, however,
quantum theory diverges significantly from classical physics. One of the main fea-
tures distinguishing it from classical theory is the existence of entangled states,
which has led to several information-processing tasks that are impossible in the
classical regime, such as Super-Dense Coding [7] and Quantum Teleportation
[8]. Among several foundational protocols, these particularly highlight the ad-
vantages that quantum theory offers over classical approaches, made possible by
the existence of entanglement. Moreover, quantum theory allows for correlations
between spatially separated systems, which have no counterpart in classical
physics. Such correlations necessitate the existence of entangled states. While
these quantum correlations adhere to the no-signaling principle—ensuring that
information cannot be transmitted faster than the speed of light in vacuum—it
also exhibit properties that cannot be explained by any local deterministic hidden
variable model. Such correlations, known as "nonlocal correlations," are at the
heart of the phenomenon referred to as "quantum nonlocality" [9, 10]. However,
contrary to Bell nonlocality, where separable and thus product states cannot ex-
hibit nonlocality, a discrimination task revealed that a different form of quantum
nonlocality can indeed exist without entanglement. This was first demonstrated
by Asher Peres and William K. Wootters in 1991 in the context of local state
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discrimination of product states [11]. Later, in 1999, Charles H. Bennett and his
collaborators expanded on this work [12], demonstrating a stronger result using
orthogonal product states, whereas Peres and Wooters had used non-orthogonal
ones. Hence, the works referenced in [11] and [12] play a pioneering role in
proving that the nonlocal behaviors witnessed in quantum theory do not always
require entanglement and thus motivate further information-processing tasks
using such nonlocality. Since then, the investigation of various discrimination
tasks within the LOCC framework has become an active area of research, with
applications in cryptographic primitives such as data hiding [13, 14] and secret
sharing [15–19], secured key distribution [20, 21] quantum cryptography [22],
and other aspects of quantum information theory.

The specific form of nonlocality discussed here is investigated within the
distant laboratory paradigm, which is captured by the framework of Local Op-
erations (LO) and Classical Communication (CC), commonly abbreviated as
LOCC (See [23] for an in-depth understanding). This nonlocality is termed as
local indistinguishability. In this context, spatially separated parties operate
in distant laboratories, wherein a referee selects a state from a known set of
multipartite states and distributes individual subsystems to each party. Under
this setup, each party is restricted to performing local measurements and can
only communicate via classical channels. The LOCC paradigm effectively models
such distant laboratory scenarios, where questions of entanglement manipula-
tion of the shared state and the transformation of one state to another are other
important considerations. Specifically, the results in [12] demonstrate that cer-
tain bipartite orthogonal product quantum states, though locally preparable by
two parties, require a joint measurement for perfect discrimination—something
unachievable by spatially separated parties within the LOCC framework. This
phenomenon is inconceivable in the classical regime, where states distinguish-
able globally can also be distinguished locally through classical communication.
The difference in discrimination probabilities between global and local scenarios
highlights the nature of the nonlocality in question.

In the local state distinguishability task, a referee selects a state from a
given set and distributes its corresponding subsystems to the parties, who then
collaborate under the LOCC paradigm to identify the distributed state. A nat-
ural question arises: what if, instead of distributing a single state, the referee
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distributes all the states from the set simultaneously, but in a specific permu-
tation, requiring the parties to use LOCC to determine this permutation? This
scenario introduces a novel variant of the local state discrimination problem.
The key question, then, is whether these two tasks are fundamentally equivalent
or intrinsically different.

Moving forward, it is important to recognize that discrimination tasks can re-
veal the limitations of a theory by demonstrating its inability to perform certain
operational tasks. For instance, a color-blind individual cannot distinguish be-
tween two distinctly colored objects, such as a red ball and a green ball, whereas
a person with normal color vision can. Similarly, discrimination tasks serve as a
crucial tool for uncovering the fundamental characteristics and constraints of a
theory, as illustrated by the analogy of color blindness.

Given the valuable insights that discrimination tasks provide into the struc-
ture of a theory, it is worth investigating whether alternative mathematically
consistent frameworks governing local quantum systems might yield novel and
intriguing results. Quantum mechanics has already shown significant advan-
tages in information-theoretic protocols and thus from a theoretical standpoint,
this raises a compelling question: could these alternative theories surpass quan-
tum mechanics in information-processing tasks which is ultimately related to
discrimination?

The quantum composition rule is one of the several postulates of quantum
theory which is ad-hoc in nature, lacking direct physical justification. In contrast,
Generalized Probabilistic Theories (GPTs) have garnered significant attention
within the physics community, particularly due to their potential to reconstruct
quantum mechanics from first principles [24–36]. The framework of GPT [27–
31, 37] serves as a valuable tool for analyzing various composite models. Physical
principles, such as no-signaling and local tomography, constrain composite state
spaces between two boundaries [38–41]: the minimal tensor product (denoted as
separable or SEP theory), which includes only separable states, and the maximal
tensor product (denoted as SEP theory), which encompasses states that extend
beyond quantum states, being positive on product tests (POPT) and consistent
with the unentangled Gleason’s theorem [42–44]. Under the ’no-restriction’
hypothesis [45], the effect spaces are defined to incorporate all effects that are
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mathematically consistent within the theoretical framework.

If such alternative theories do indeed outperform quantum mechanics in
specific information-processing tasks, this could provide insights into why we
exclusively adhere to the quantum mechanical tensor product rule. Such findings
may pave the way for new principles that isolate quantum correlations from
those that extend beyond quantum mechanics, ultimately challenging the physi-
cal validity of these beyond quantum correlations. The minimal composition (or
SEP theory) is a local theory, and hence there is no way of demarcating it from
quantum theory, at least in the space-like separated scenario, which is the Bell
scenario. However, when considering the maximal composition also known as
the SEP theory, there appears to be a substantial possibility for the generation
of stronger-than-quantum correlations. For bipartite systems, however, Acín et
al. [46] and Barnum et al. [47] provide a conclusive response, showing that no
such composition produces correlations exceeding quantum limits in Bell-type
experiments. Consequently, there is no clear distinction between quantum theory
and the SEP theory, suggesting no compelling reason to favor quantum theory
over SEP theory. This invites further exploration of the issue.

The previous discussion focused on the composition of quantum subsystems.
However, when we relax the requirement that subsystems must be quantum,
we encounter various theoretical models that allow for correlations more Bell-
nonlocal than those permitted by quantum theory—commonly referred to as
"post-quantum correlations". For instance, within the framework of the box
world theory, the maximal tensor product composition of two square bits, un-
der suitable measurements, yields a Bell correlation that attains the algebraic
maximum 4 in the CHSH inequality [48], commonly referred to as the PR box
correlation [49]. While both PR box correlation and quantum correlations respect
the no-signaling principle, quantum theory imposes additional constraints on
the degree of nonlocality, thereby limiting the extent of nonlocal correlations it
can generate (See [50]). This distinction influences the information-processing
capabilities of the two theories for various information-theoretic tasks. In gen-
eral, Bell inequalities play a crucial role in distinguishing classical correlations
from post-classical ones. Post-classical, or nonlocal, correlations offer advantages
for information-theoretic applications, including device-independent protocols
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for secure key distribution, randomness certification, and related tasks [51–61].

The study of Bell nonlocality has played a crucial role in deepening our un-
derstanding of the nature and limitations of quantum correlations [62–66]. In
the simplest Bell scenario—where two parties each have two possible inputs and
two possible outputs—two fundamental measures have emerged: the degree of
CHSH inequality violation [67] and the success probability in Hardy’s test of non-
locality [68, 69]. These measures, along with principles inspired by observations
of nature, are not only essential for characterizing nonlocality but also serve as
possible indicators for distinguishing physical correlations from unphysical ones.
For instance, isotropic no-signaling correlations that yield a CHSH value exceed-
ing 4

√
2
3 are considered unphysical, as they trivialize communication complexity

tasks by violating the principle of Nontrivial Communication Complexity [70]
(see also [71–73]). However, when the degree of nonlocality of a correlation lies
within the quantum-achievable threshold, determining whether it is a quantum
or a post-quantum correlation remains a challenging task.

Since Bell nonlocality is a resource, it is essential to identify and amplify
weaker nonlocal correlations to generate correlations with greater nonlocal
strength. Moreover, the fact that the set of quantum correlations is closed under
wirings [74, 75] ensures that the amplified correlations remain quantum when
the initial one is a quantum correlation. This observation suggests that such
an amplification—or more precisely, a distillation procedure, could be useful for
certifying and distinguishing whether a given Bell correlation is post-quantum
or not, when the nonlocality of the initial correlation lies within the quantum-
achievable threshold.

1.2 Brief Outline of the Thesis:
This thesis explores the role of various discrimination tasks and their implica-
tions in quantum information processing. By carefully designing and analyzing
these tasks, it aims to address key questions raised in the preceding discussions.
A brief overview of the thesis is given as follows:

Chapter 2 thoroughly presents the essential mathematical foundations re-
quired to understand the results in the subsequent chapters. It begins with an
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in-depth exploration of the fundamental postulates of quantum theory and pro-
ceeds to a detailed examination of basic quantum systems, specifically focusing
on qubit and two-qubit systems. Additionally, this chapter provides a compre-
hensive overview of key concepts, including the EPR paradox, Bell’s theorem,
Hardy’s nonlocality, and the generalized probabilistic theory (GPT) framework,
with sufficient details on how quantum theory functions as a GPT.

In Chapter 3, we explore the problem of quantum state distinguishability
in the LOCC paradigm, introducing a variant of the local state discrimination
(LSD) task known as local state marking (LSM). This new approach highlights
key distinctions from conventional methods and its implications for information-
theoretic protocols. To support the study of local quantum state discrimination,
we provide a comprehensive discussion on various measurements and their
associated restrictions. This chapter is based on results from one of our works
[76]. We demonstrate the inequivalence between LSM and LSD, underscoring
the unique characteristics of these two tasks. Furthermore, we establish the con-
cept of local unmarkability as a stronger manifestation of quantum nonlocality
within the LOCC framework compared to local indistinguishability. Additionally,
we show that LSM offers a more resource-efficient alternative to conventional
multi-copy LSD for a specific information-processing task.

Next, we focus on the fact that the unentangled Gleason’s theorem permits a
state space in which density operators form a proper subset of all possible com-
posite states. In Chapter 4, which is based on the results obtained in one of our
works [77], we analyze the communication utilities of these different composite
models and show that they can lead to distinct utilities in a simple communica-
tion game related to the task of pairwise distinguishability involving two players.
This shows that composite structures extending beyond quantum mechanics can
lead to correlations exceeding quantum limits in timelike scenarios. As a result,
it calls for the formulation of new principles to distinguish quantum correlations
from those that go beyond quantum mechanics. We also prove a no-go that the
classical information carrying capacity of different such compositions cannot be
more than the corresponding quantum composite systems.

In Chapter 5, which is based on our work [78], a protocol in the simplest
Bell scenario is given, which can distill nonlocality to a significantly high degree
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starting from arbitrarily weak nonlocal correlations. Examples of correlations
will be given, whose post-quantum nature will be detected using our protocol,
while established information principles—such as nontrivial communication
complexity and information causality—fail to do so. Therefore, our protocol is
effective in distinguishing post-quantum correlations from quantum ones as
well. It is also shown that the subsets of no-signaling and quantum correlations
that allow for nonlocality distillation occupy a non-zero measure within the full
eight-dimensional correlation space.

In Chapter 6, we conclude the thesis by giving a brief summary and possible
future directions.
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Chapter 2

Preliminaries

2.1 Quantum Theory
Newtonian mechanics and Maxwell’s equations governing classical electrody-
namics were remarkably successful until the late 19th century when experiments
at atomic scales were conducted. It became evident that the outcomes of these ex-
periments were inconsistent with the predictions made by classical theories. This
discrepancy led to the development of a new framework that, while mathemati-
cally complex, provided highly accurate predictions aligning with experimental
results. This new mathematical theory is known as quantum mechanics. Werner
Heisenberg formulated a theory that successfully accounted for the quantization
effects observed in atomic spectra. Although matrix mechanics was mathemati-
cally rigorous, Erwin Schrödinger’s wave mechanics quickly gained popularity
after demonstrating its physical equivalence to matrix mechanics.

The following sections introduce the fundamental mathematical formalism of
quantum theory. At the conclusion of this chapter, a brief outline of the present
thesis will be provided.

2.1.1 Postulates of Quantum Mechanics

Quantum mechanics, unlike other physical theories, starts with abstract math-
ematical postulates. Let us have a look at the postulates [79] which are as
follows—

■ System and State

Associated with every quantum mechanical system S, there is a separable
complex Hilbert space HS. A state describing this system corresponds to a
positive operator ρ of trace one , known as ‘density operator’, acting on HS.
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The most basic quantum mechanical system is represented by a two-
dimensional Hilbert space, commonly referred to as a qubit. A qubit can
represent either the polarization degree of freedom of a single photon or the
spin degree of freedom of a spin-1

2 particle. The state space for this system
comprises all positive, trace-one, self-adjoint linear operators, denoted as
D(HS), acting on the Hilbert space HS. Therefore, the state space consists
of elements ρ that fulfill the following conditions: (i) ρ ≥ 0, (ii) Tr(ρ) = 1,
and (iii) ρ = ρ†. (Note that since we are dealing with a complex field, the
condition ρ ≥ 0 implies that ρ = ρ†.) This collection forms a convex com-
pact subset of the linear operators acting on HS. Density operators can be
classified into two categories: pure states and mixed states.

Pure state: A state ρ ∈ D(HS) is called a pure state if it cannot be written
as a convex combination of other states in D(HS). Thus, in the convex
state space of a system D(HS), pure states are the extreme points. |ψ⟩⟨ψ| ∈
D(HS), are rank-one projection operators and they correspond to pure
states, where |ψ⟩ is a vector of unit norm in HS. Therefore, pure states are
typically represented by a unit vector |ψ⟩ ∈HS. The mathematical criterion
for determining whether a given state ρ represents a pure state is: ρ2 = ρ.
This condition further implies that Tr(ρ2) = 1 if and only if ρ is a pure
state.

Mixed state: A density operator in D(HS) which can be decomposed as a
convex combination of pure states is termed a mixed state. A mixed state
ρ can be represented as ρ = ∑i pi|ψi⟩⟨ψi|, where pi refer to the probability
linked with state |ψi⟩. In comparison to the pure states, Tr(ρ2)< 1. The non-
unique decomposition of mixed states is one crucial non-classical feature
found in quantum mechanics. This phenomenon is not observed in classical
theories, as the state spaces in classical frameworks are simplex structures.
A quantum mixed state can be represented by infinitely many distinct
convex decompositions involving pure states. To be more precise, if ρ is a
mixed state, then there exists infinitely many possible ensemble of states
like {|ψ⟩m} or {|φ⟩n} such that ρ = ∑m pm |ψm⟩⟨ψm|= ∑n qn |φn⟩⟨φn| where {pm}
and {qn} are the probabilities i.e., pm ≥ 0,qn ≥ 0 and ∑m pm = ∑n qn = 1. In
short, these different ensembles of quantum states ({|ψ⟩m} and {|φ⟩n}) yield
the same density operator.
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■ Evolution
The time evolution of a closed quantum system is described by a unitary
transformation. If the state of the system evolves from ρ(t0) at time t0 to the
state ρ(t1) at time t1(> t0), then ρ(t1) is related to ρ(t0) by a unitary operator
U(t0, t1) which depends only on the times t0 and t1, i.e.,

ρ(t1) =U(t0, t1)ρ(t0)U(t0, t1)†

This discrete-time description of quantum state evolution using unitary
operators can be obtained from the continuous time description of the
Schrödinger equation.

iℏ
d |ψ⟩

dt
= H |ψ⟩

Here H is the Hamiltonian operator associated with the closed system and
ℏ is the Planck’s constant. From the above equation the evolution of a
quantum state from |ψ0⟩ at time t0 to the state |ψ1⟩ at time t1 is given by

|ψ1⟩= exp[− i
ℏ

∫ t1

t0
Hdt] |ψ0⟩

For closed quantum systems, the evolution is unitary. However, for systems
interacting with other systems (say environment), the evolution is described
by the notion of quantum operations or channel. A quantum channel is
a convex-linear completely positive trace non-increasing map from the
set of density matrices on some input Hilbert space to the set of density
matrices on some output Hilbert space [79]. Considering the important
special case where input and output Hilbert spaces are same, the action of
a trace-preserving quantum channel N : D(H )−→ D(H ) can be expressed
as N (ρ) = ∑k EkρE†

k ∀ρ ∈ D(H ) where ∑k E†
k Ek = I. The operators {Ek}

beloning in the operator space of system Hilbert space are called Kraus
operators corresponding to the channel N . However, for a given quantum
channel, the choice of Kraus operators are not unique [79].

■ Measurement

Quantum measurements are described by a collection of operators {Mk}
acting on the Hilbert space of the system, satisfying the completeness relation
∑k M†

k Mk = I. If a measurement M associated with the collection of operators
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{Mk} is performed on a system prepared in some state ρ , the probability that
kth outcome will occur is given by

p(k |ρ,M) = Tr(M†
k Mk ρ)

and the post-measurement state conditioned that the kth outcome has occured,
is given by

ρk =
MkρM†

k

Tr(M†
k Mkρ)

When a system is closed, or non-interacting. the evolution of the state of
the system can be described by unitary dynamics. However this is no longer
the case when the system is interacting with the measurement apparatus
which gives rise to the measurement collapse problem. Depending on the
outcome of the measurement process, the state of the system is sudden and
is due to the measurement process.

ρ → MmρMm
†

p(m)

In the following quote from the introduction of chapter 3 The Copenhagen
Interpretation of Quantum Theory pp. 46-57 in Physics and Philosophy
(1958) by Werner Heisenberg, it talks about Heisenberg’s belief that
quantum system is no longer closed when a measurement process happen:

"We have to add some comments on the actual procedure in the quantum-
theoretical interpretation of atomic events. It has been said that we always
start with a division of the world into an object, which we are going to study,
and the rest of the world, and that this division is to some extent arbitrary.
It should indeed not make any difference in the final result if we, e.g., add
some part of the measuring device or the whole device to the object and apply
the laws of quantum theory to this more complicated object. It can be shown
that such an alteration of the theoretical treatment would not alter the pre-
dictions concerning a given experiment. This follows mathematically from
the fact that the laws of quantum theory are for the phenomena in which
Planck’s constant can be considered as a very small quantity approximately
identical with the classical laws. But it would be a mistake to believe that
this application of the quantum-theoretical laws to the measuring device
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could help to avoid the fundamental paradox of quantum theory.

The measuring device deserves this name only if it is in close contact with
the rest of the world, if there is an interaction between the device and the ob-
server. Therefore, the uncertainty with respect to the microscopic behaviour
of the world will enter into the quantum-theoretical system here just as well
as in the first interpretation. If the measuring device would be isolated from
the rest of the world, it would be neither a measuring device nor could it be
described in the terms of classical physics at all."

Projective measurement:

A special class of quantum measurements {Mi}n
i=1 is called a projective

measurement if M†
i = Mi and MiM j = δi, jMi, ∀ i, j along with satisfying the

completeness relation ∑i Mi = I. Thus, measurement operators for projective
measurements are orthogonal projection operators. Every rank-one projec-
tor Mi can be assigned to a unit vector |ψi⟩ as Mi = |ψi⟩⟨ψi| and hence, the
maximum value, the index n can take will be the dimension of the quantum
system, on which the measurement is performed. From this point foreward,
projective measurement operators will be denoted by Pi instead of Mi. Thus,
if a set of orthogonal projectors {Pi} refer to a projective measurment, then
∑i Pi = I. It is possible to devise a Hermitian operator Â by assigning a set of
real numbers (λi) to each of the projectors of a collection {Pi}n

i=1, such that
Â = ∑

n
i=1 λiPi = ∑

n
i=1 λi|ψi⟩⟨ψi| which can be considered as an observable of

the quantum system. If we restrict our consideration to projective measure-
ments, the aforementioned postulate can be reformulated as follows: any
quantum observable is represented by a self-adjoint operator acting on the
Hilbert space of the system. The outcome of the measurement correspond-
ing to the operator Â when performed on a system prepared in a quantum
state |ψ⟩, will be one of the eigenvalues of Â and the probability of obtaining
the i th eigenvalue λi as outcome is given by, p(i) = | ⟨ψ|ψi⟩|2. The post
measurement state will be that corresponding eigenvector |ψi⟩. Therefore,
the expectation value for any Hermitian operator Â on the quantum state
|ψ⟩ can be written as ⟨Â⟩ψ = ∑i p(i)λi = ∑i | ⟨ψ|ψi⟩|2λi = ⟨ψ|A|ψ⟩.
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Positive-Operator-Valued Measure (POVM):

This represents a more general class of quantum measurements that can
be applied to a system. It is defined as a collection of positive operators {Ei},
such that ∑i Ei = I. The POVM elements Ei, are commonly referred to as ef-
fects. When a POVM {Ei} is performed on a system prepared in state ρ , the
probability with which the i th outcome clicks is given by p(i) = Tr[ρEi]. To
incorporate the POVM formalism within the general measurement frame-
work, one can consider a set of measurement operators {Mi} as Mi =

√
Ei,

such that Ei = M†
i Mi. However, for a given POVM measurement, the se-

lection of measurement operators {Mi} is not unique [79]. Notably, any
POVM can be understood as a projective measurement in a Hilbert space
of higher dimension [80]. One obvious question that can be raised here is
that how POVM formalism actually differs from the general measurement
prescription. The measurement postulate deals with two elements. First, it
states the rule of getting the probabilities corresponding to different possi-
ble outcomes. Second, it provides the rule to obtain the post-measurement
state of the system. However, there are several applications where it is of
little interest to know the post-measurement states while the main object
of interest being the probabilities of different outcomes. In such scenarios,
the POVM formalism is especially useful.

■ Composition

The Hilbert space associated with a composite quantum system is the ten-
sor product of the Hilbert spaces associated with its component quantum
systems. i.e.,

H1,2,··· ,n = H1 ⊗H2 ⊗ ...⊗Hn

An n-partite composite quantum state is described by a density opera-
tor ρ1,2,··· ,n belonging in D(H1,2,··· ,n), where H1,2,··· ,n = H1 ⊗H2 ⊗ ...⊗Hn =⊗n

i=1 Hi. If a composite state ρ1,2,··· ,n ∈ D(
⊗n

i=1 Hi) can be expressed as
ρ1,2,··· ,n = ρ1⊗ρ2⊗·· ·⊗ρn, where ρi ∈D(Hi), then it is called a product state.
Convex combinations of such product states are referred to as separable
states. Consider the simplest case where the number of component systems
is two, i.e., a composite quantum system AB with only two subsystems A
and B. For such a system comprised of two subsystems, any separable state
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ρ
sep
AB takes the following form :

ρ
sep
AB = ∑

j
p jρ

j
A ⊗ρ

j
B (2.1)

where p j ≥ 0 ∀ j and ∑ j p j = 1. The collection of all separable states con-
stitutes a strict subset of the composite quantum state space D(HA ⊗HB).
Thus, if sep(HA ⊗HB) refer to the set of separable states, then sep(HA ⊗
HB)⊂D(HA⊗HB). Composite states that are not part of sep(HA⊗HB) are
referred to as entangled states. Hence, if ρAB ∈ D(HA ⊗HB) is entangled,
then it cannot be represented as a convex combination of product states i.e.,
given in Eq. (2.1).

2.1.2 Elementary quantum system: The Qubit

A qubit, or quantum bit, is the quantum mechanical analogue of a classical bit,
representing the state space of a classical system with two degrees of freedom.
Almost all prevalent quantum mechanical phenomena can be observed in qubit
systems. Qubits are extensively studied due to their mathematical simplicity.
The pure state corresponding to a two-dimensional quantum system, a qubit,
is represented by a vector |ψ⟩ ∈ C2 which corresponds to the Hilbert space
associated with this qubit. Mathematically, we have an equivalence relation
that:

|ψ⟩ ∼ |ψ ′⟩ ⇔ |ψ⟩= c |ψ ′⟩ ; for some non-zero c ∈ C

where |ψ⟩ and |ψ ′⟩ are non-zero vectors in C2. Thus it is sufficient to consider
normalized state vectors |ψ⟩ such that |⟨ ψ|ψ ⟩|2 = 1.

Bloch sphere representation: The state space of a single qubit is the collection
of all density operators on the Hilbert space C2. Hence it is a convex subset of
the space of all linear operators L(C2) which is a four dimensional vector space.
One particular basis set for L(C2) is comprised of the identity matrix and the
three Pauli operators, expressed as follows:

I=

(
1 0
0 1

)
; σx =

(
0 1
1 0

)
; σy =

(
0 −i
i 0

)
; σz =

(
1 0
0 −1

)
.

Any qubit state ρ can be expressed as a linear combination of the above basis set
as the following : ρ = (c0I+ c1σx + c2σy + c3σz), where ci ∈ C ∀ i. By imposing the
conditions required for a valid density operator, we find that an arbitrary qubit
state can be expressed as follows:
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ρ =
1
2
(I+nxσx +nyσy +nzσz) =

1
2
(I+ n⃗.⃗σ), (2.2)

where n⃗ ≡ (nx,ny,nz) refers to a real vector in R3 with |⃗n| ≤ 1. This vector has a
special name. It is called Bloch vector for the state ρ . Here n⃗.⃗σ ≡ nxσx+nyσy+nzσz

and σ⃗ ≡ (σx,σy,σz). This representation of an arbitrary qubit state possesses an
elegant geometrical interpretation. Each ρ corresponds uniquely to its Bloch
vector (nx,ny,nz) which satisfies |⃗n| ≤ 1 where equality is attained solely for pure
states. Hence, the qubit state space D(C2) is isomorphic to that of a sphere
in a three-dimensional real space, and all the pure states are represented by
points on the surface of the Bloch sphere (see Fig. 2.1). The magnitude of the
Bloch vector |⃗n| denotes the distance from the centre to the position of ρ. |⃗n|< 1
for mixed states. Hence, mixed states are situated strictly within the Bloch
sphere at a distance |⃗n| from the centre of the sphere. The maximally mixed
state I

2 is located at the centre. Geometrically, the Bloch sphere upholds the
convexity of the quantum state space, where any chord within the sphere that
passes through a specific quantum state ρ represents one of its possible convex

FIG. 2.1 The locations of both pure and mixed states on the Bloch sphere are depicted,
with points corresponding to pure states positioned on the surface of the sphere.
The non-unique decomposition of a mixed state ρ is illustrated, where ρ =
p|α⟩⟨α|+(1− p)|β ⟩⟨β |= q|ψ⟩⟨ψ|+(1−q)|ψ̄⟩⟨ψ̄|. The angles θ and φ correspond
to the conventional polar and azimuthal angles, respectively.
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decompositions. Since ρ can lie on infinitely many such chords, this visualization
effectively illustrates the non-unique decomposition of mixed states.

As previously noted, pure states of a qubit are typically regarded as normal-
ized vectors in the Hilbert space C2. An arbitrary pure state of qubit can be
represented as a linear combination of an orthonormal basis. Conventionally
the orthogonal eigenvectors of Pauli σz operator, denoted by |0⟩ and |1⟩, are used
as the computational basis. A pure state |ψ⟩, situated at the (θ ,φ) point (where
0 ≤ θ ≤ π and 0 ≤ φ ≤ 2π) on the surface of the Bloch sphere, can be represented
as

|ψ⟩= cos
θ

2
|0⟩+ eiφ sin

θ

2
|1⟩ (2.3)

2.1.3 Elementary Composite System: The Two-Qubit System

The two-qubit composite system is the simplest of all bipartite quantum states
wherein Bell nonlocality is observed at the correlation level. At the state distin-
guishability level, a gap is observed in the distinguishability using entangled
measurements which is a global measurement, and between measurements that
are allowed when the two parties are spatially separated and can communicate
classically.

Let us denote by AB, the two qubit system whose Hilbert space is the C2 ⊗C2.
For simplicity, let the particle A be held by a party Alice and B be held by Bob.
We denote by {|0⟩A , |1⟩A} an orthonormal basis for Hilbert space of system A and
{|0⟩B , |1⟩B} an orthonormal basis for Hilbert space of system B. According to
quantum mechanics, any pure state of the joint system AB can be expressed as a
linear combination of {|0⟩A ⊗|0⟩B , |0⟩A ⊗|1⟩B , |1⟩A ⊗|0⟩B , |1⟩A ⊗|1⟩B} , which form
the basis for the two qubit-state.

Now, let us consider the following state vector in C2 ⊗C2

|ψ⟩AB =
1√
2
(|0⟩A ⊗|1⟩B −|1⟩A ⊗|0⟩B)

|ψ⟩AB exhibits the intriguing property that it cannot be expressed as |ψ⟩AB =

|φ⟩A ⊗|φ⟩B where |φ⟩A and |φ⟩B refer to any state-vector in C2. This represents
an example of a two-qubit entangled state. As previously discussed, if a bipartite
state ρAB ∈ D(HA ⊗HB) can be written as ρAB = ∑i piρ

i
A ⊗ρ i

B where ρ i
A ∈ D(HA)

and ρ i
B ∈ D(HB), then ρAB is called a separable state. Spatially separated parties

can prepare separable states through local quantum operations and classical
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communication. As mentioned earlier, states that are not separable are referred
to as entangled states. The two-qubit state space D(C2 ⊗C2) constitutes a
convex subset of the space of linear operators L (C2 ⊗C2). Clearly, L (C2 ⊗C2)

has a dimension of 16. An arbitrary two-qubit state ρAB can be expressed as a
linear combination of the basis elements of L (C2 ⊗C2). In the Hilbert-Schmidt
representation, ρAB assumes the following form:

ρAB =
1
4

(
IA ⊗ IB + r̂.⃗σA ⊗ IB + IA ⊗ ŝ.⃗σB +

3

∑
i, j=1

ti jσiA ⊗σ jB

)
(2.4)

where in order to be a valid density operator, the following conditions must be
satisfied:

|r̂|2 + |ŝ|2 +
3

∑
i, j=1

t2
i j ≤ 3 (2.5)

The equality is satisfied only for pure states and r⃗ and s⃗ are the Bloch vectors
of the subsystems and ti j = Tr((σiA ⊗σ jB)ρAB) and similarly, ri = Tr((σiA ⊗ IB)ρAB)

and si = Tr((IA ⊗σiB)ρAB).Therefore, if two spatially separated parties, namely
Alice and Bob, are provided with multiple copies of an unknown state, they can
identify the state by performing local measurements and communicating the
results of these measurements. This feature is generic, meaning it applies not
only to two-qubit states but also to any composite state. This phenomenon is
referred to as the local tomographic nature of quantum theory. Specifically, the
state of a composite system can be determined from the statistics of local mea-
surements performed on its subsystems [81]. Consequently, joint measurements
on the entire system are not required to ascertain the state.

Subsystem of a Composite System:
Given the state of the composite system, the state of the subsystems i.e.,

the marginal state can be determined using what is known as the partial trace.
Let ρAB be the corresponding density operator for a bipartite system of two
subsystems, say A and B. Then the marginal state of subsystem A is

ρA ≡ TrB[ρAB]
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where TrB is known as partial trace over subsystem B, which is a linear map
from D(HA ⊗HB) to D(HB). It is defined as,

TrB(|ψA⟩⟨φA|⊗ |ηB⟩⟨θB|)≡ |ψA⟩⟨φA|Tr[|ηB⟩⟨θB|] = |ψA⟩⟨φA| ⟨θB|ηB⟩

2.2 Quantum Correlations and its Nonlocality
Quantum correlations refer to the collection of input-output probability statistics
which is obtained when the respective parties perform local measurements on
their respective subsystems of the multi-partite quantum state. For simplicity,
we will only consider bipartite composite states. Such input-output statistics
are denoted by p(ab|xy) = Tr[(Ex

a ⊗Ey
b)ρAB], where Ex

a refers to the POVM element
corresponding to the outcome a of the measurement x and Ey

b refers to that of
the b of the measurement y. This presents significant information-theoretic
advantages, which will be discussed shortly.

In the following section, we outline the conceptual progression that cul-
minated in the formulation of Bell’s theorem, beginning with the renowned
Einstein-Podolsky-Rosen (EPR) paradox.

2.2.1 EPR Paradox

Quantum mechanics is fundamentally a probabilistic theory. If this probabilistic
framework is regarded as a complete description of a physical system, then the
probabilities assigned by a pure quantum state to the outcomes of an observable
can no longer be interpreted as mere subjective ignorance about the pre-existing
definite values of that observable. Instead, these probabilities specify the likeli-
hood of obtaining a particular value upon measuring that observable. This raises
the question of the status of the observable when no measurement has been
conducted. Quantum mechanics does not provide an answer to this inquiry. In
1935, Einstein, Podolsky, and Rosen published a seminal paper [82] in which they
contended that, while quantum mechanics is internally consistent, it remains
an incomplete description of reality. Their primary argument was founded on
the following assumptions:

• Necessary condition for completeness: This says that a necessary condition
for a theory to be complete is that “every element of the physical reality
must have a counterpart in the physical theory”.
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• Sufficient condition for reality : “If, without in any way disturbing a system,
we can predict with certainty (i.e., with probability equal to unity) the
value of a physical quantity, then there exists an element of physical reality
corresponding to this physical quantity”.

• Locality : “Elements of reality belonging to one system can not be affected
(instantaneously) by measurements performed on another system which is
spatially separated from the former”.

These criteria were subsequently applied by EPR to a composite quantum
system consisting of two spatially separated particles in an entangled state. In
their original paper, the authors focused on position and momentum as observ-
able quantities. To illustrate their reasoning, we present a simplified example
involving two qubits in a pure entangled state, a scenario first introduced by
Bohm [83].

Alice and Bob are two spatially separated parties who share a bipartite
two-qubit entangled state

|ψ⟩AB =
1
2
(|0⟩A ⊗|1⟩B −|1⟩A ⊗|0⟩B)

The qubits previously interacted in their common past. However they are now
spatially separated (let, qubit A be in Alice’s lab and B be in Bob’s lab). In this
context, |0⟩ and |1⟩ refer to the normalised eigenstates of Pauli σz operator. On
careful observation, it can be seen that the state |ψ⟩AB, interestingly can also be
written as

|ψ⟩AB =
1√
2
(|+⟩A ⊗|−⟩B −|−⟩A ⊗|+⟩B)

where |+⟩= 1√
2
(|0⟩+|1⟩) and |−⟩= 1√

2
(|0⟩−|1⟩) refer to the normalised eigenstates

of Pauli σx operator. Thus, if both Alice and Bob perform the same measurement
on their respective individual subsystems (i.e., both of them either measure
σz or σx)), their outcomes will be anti-correlated. Hence, if Alice performs
σz measurement on her qubit A, by observing her outcome, she can predict
with certainty what will be Bob’s outcome, if he performs σz measurement on
his qubit B as well. This happens without in any way affecting Bob’s qubit
B. EPR articulated their position with the statement, "since at the time of
measurement the two systems no longer interact, no real change can take place in
the second system in consequence of anything that may be done to the first system".
Consequently, the observable σz associated with Bob’s qubit is considered to
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possess an "element of physical reality." Conversely, Alice may opt to perform
a σx measurement instead of σz. In this case, Alice can predict with certainty,
without disturbing qubit B, the outcome of a potential σx measurement on qubit
B. Thus, by the same rationale, the observable σx of qubit B also corresponds
to an "element of physical reality." However, quantum mechanics prohibits the
assignment of definite values to both observables σz and σx, given that these
observables do not commute. This leads to their conclusion that quantum theory
offers an incomplete depiction of nature.

2.2.2 Bell’s Theorem

Following the conclusions drawn by EPR, a pertinent question arises regarding
the potential for quantum theory to be augmented by a more fundamental hidden
variable theory. In 1964 [84] (also see [85]), John S. Bell approached this inquiry
by exploring whether any local realistic theory could replicate the statistical
measurements predicted by quantum mechanics. For any theory that possesses
an underlying local hidden variable framework, Bell established an inequality
governing the bipartite correlations inherent to that theory. Each term in this
inequality can be empirically measured. A more detailed formulation of this
inequality is provided by J. Clauser et al. in Ref. [67]. In this section, we
will succinctly outline Bell’s inequality, as a more comprehensive discussion
will be presented in the subsequent chapter. Let us consider two spatially
separated parties, Alice and Bob, who share an arbitrary correlation.Let {A0,A1}
be Alice’s measurements on her subsystem and {B0,B1} are that of Bob’s. The
measurements are performed at random. The outcome of every measurement can
either be 0 or 1. We denote Alice’s and Bob’s outcome by "a" and "b" respectively.
Now, if Alice and Bob measure Ai and B j on their respective subsystems, with
a and b denoting their respective outcomes, the joint probability is denoted by
p(ab|Ai,b j). Existence of a hidden variable description implies that

p(ab|Ai,B j) =
∫

µ(λ )p(ab|Ai,B j,λ )dλ

where, µ(λ ) refers to the probability distribution over the hidden variable λ . Lo-
cality condition implies that p(a|Ai,B j,λ )= p(a|Ai,B j′,λ ) ∀i, j, j′ and p(b|Ai,B j,λ )=

p(b|Ai′,B j,λ ) ∀ j, i, i′. Reality, (sometimes referred to as ‘determinism’), on the
other hand, asserts that p(ab|Ai,B j,λ ) ∈ {0,1},∀a,b, Ai,B j. If the hidden variable
model fulfills both the criteria of reality and locality, then the correlations ob-
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served at the operational level must adhere to the following inequality, known
as the CHSH inequality [10]:

|⟨A0B0⟩+ ⟨A0B1⟩+ ⟨A1B0⟩−⟨A1B1⟩| ≤ 2,

where, ⟨AiB j⟩= ∑a,b=−1,+1 abp(ab|AiB j) denotes the expectation value associated
with the measurements Ai and B j which can be computed from the input-output
statistics p(ab|Ai,b j). Importantly, there exist entangled quantum states and
appropriate choices of measurements for Alice and Bob that can result in a
violation of the CHSH inequality [9, 10, 86]. The implications are significant;
local realism—the perspective grounded in classical intuition—cannot coexist
with any hidden variable model that accurately replicates quantum statistical
outcomes. For example, consider the state |ψ⟩AB = 1√

2
(|0⟩A |1⟩B −|1⟩A |0⟩B) shared

between Alice and Bob. Let A0 = σz, A1 = σx, B0 =
σz+σx√

2
and B1 =

σz−σx√
2

. Applying
the Born rule, the CHSH expression evaluates to 2

√
2. This value represents the

maximal violation of the CHSH inequality permissible within quantum theory,
referred to as Cirel’son’s bound [87].

2.2.3 2-2-2 Bell scenario and the NS set:

As discussed above, the simplest Bell scenario considers two parties, Alice and
Bob, with their respective inputs to the box denoted as x and y, and outputs
from the box denoted as a and b, respectively, where x,y,a,b ∈ {0,1}; and this
is generally called the 2-2-2 Bell scenario. Correlation generated by a box P
is the set of joint input-output probabilities, i.e., P ≡ {p(ab|xy)}. Set of boxes
satisfying the no-signaling (NS) condition forms an 8-dimensional polytope NS
having 24 vertices [63]: 8 non-local vertices (Popescu-Rohrlich (PR) boxes [49])
given by Pαβγ

NL ≡ {p(ab|xy) = 1
2δ(a⊕b, xy⊕αx⊕βy⊕γ)} where α,β ,γ ∈ {0,1}, and 16 local

deterministic vertices given by Pα1α2β1β2
L ≡ {p(ab|xy) = δ(a,α1x⊕α2) δ(b,β1y⊕β2)} where

α1,α2,β1,β2 ∈ {0,1}. Collection of all local correlations forms a sub polytope L,
within NS, with 16 local deterministic boxes as their vertices. Correlations ob-
tained from local quantum measurements performed on some bipartite quantum
state are called quantum correlations. Set of all quantum correlations Q forms a
convex set (but not a polytope) lying strictly in between local and NS polytope,
i.e., L ⊊ Q ⊊ NS [88]. No signaling correlations that do not belong to the set L
are called nonlocal as they do not allow a local-causal description [84]. First note
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that any NS correlation C ∈ NS can be represented in the following matrix form:

C ≡

xy/ab 00 01 10 11





00 p(00|00) p(01|00) p(10|00) p(11|00)

01 p(00|01) p(01|01) p(10|01) p(11|01)

10 p(00|10) p(01|10) p(10|10) p(11|10)

11 p(00|11) p(01|11) p(10|11) p(11|11)

(2.6)

where p(ab|xy) denotes the probability of obtaining outcome a on Alice’s side and
outcome b on Bob’s side given there inputs x and y respectively; a,b,x,y ∈ {0,1}.
We consider one of the eight symmetries for the nonlocal correlations witnessed
by the Bell CHSH inequality

B ≡ ⟨00⟩−⟨01⟩−⟨10⟩−⟨11⟩ ≤ 2, (2.7)

where ⟨xy⟩ := ∑a,b(−1)a⊕b p(ab|xy). Then, only one PR-box violates the inequality
maximally, i.e., yields CHSH value B = 4 and there are exactly eight extremal
local boxes that saturate the local bound. These nine boxes, which form an eight
dimensional simplex [89], are as follows

{
P110

NL
}
⇒B=4,


P0001

L1
, P0100

L2
, P0111

L3
,

P1101
L4

, P1111
L5

, P1000
L6

,

P0010
L7

, P1010
L8

⇒B=2. (2.8)

The CHSH value B < 2 for all the remaining extremal nonlocal or local boxes.
The choice of this symmetry is due to the simple OR-AND function description
of our distillation protocol. One can always apply local reversible relabellings
to switch to any of the eight symmetries (then the protocol become suitably
relabelled OR-AND ). From here on, we will simply refer to the nine boxes in
Eq. (2.8) by dropping their superscripts.
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These boxes are given by,

PNL ≡ P110
NL =


1
2 0 0 1

2
0 1

2
1
2 0

0 1
2

1
2 0

0 1
2

1
2 0

 ;

PL1 ≡ P0001
L1

=


0 1 0 0
0 1 0 0
0 1 0 0
0 1 0 0

 , PL2 ≡ P0100
L2

=


0 0 1 0
0 0 1 0
0 0 1 0
0 0 1 0

 ;

PL3 ≡ P0111
L3

=


0 0 0 1
0 0 1 0
0 0 0 1
0 0 1 0

 , PL4 ≡ P1101
L4

=


0 0 0 1
0 0 0 1
0 1 0 0
0 1 0 0

 ;

PL5 ≡ P1111
L5

=


0 0 0 1
0 0 1 0
0 1 0 0
1 0 0 0

 , PL6 ≡ P1000
L6

=


1 0 0 0
1 0 0 0
0 0 1 0
0 0 1 0

 ;

PL7 ≡ P0010
L7

=


1 0 0 0
0 1 0 0
1 0 0 0
0 1 0 0

 , PL8 ≡ P1010
L8

=


1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

 .

2.2.4 Nonlocality without Inequality:

The seminal result of Bell was later extended by Lucien Hardy through a dif-
ferent approach [68, 69]. Hardy’s argument involves two spatially separated
parties, Alice and Bob, who share a bipartite system and perform measurements
on their respective subsystems. Alice chooses between measurements A0 and
A1, while Bob selects between B0 and B1, with outcomes either 0 or 1. From
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the set of 16 joint probabilities in this scenario, Hardy selects four specific joint
probabilities:

pHardy ≡ p(0,0|A0,B0)> 0, (2.9)

p(0,0|A0,B1) = p(0,0|A1,B0) = p(1,1|A1,B1) = 0,

The probability pHardy in Eq.(2.9) quantifies strength of nonlocality of Hardy
correlations. If the first condition holds, then for some local hidden variable λ

(since q > 0), we have Aλ
0 = 0 and Bλ

0 = 0. The second and third conditions imply
Bλ

1 = 1 and Aλ
1 = 1, which contradicts the fourth condition.

Interestingly, every non-maximally entangled pure two-qubit state exhibits
Hardy’s nonlocality, while the maximally entangled states do not [90, 91]. More-
over, unlike Bell-CHSH violations, mixed states of two-qubit systems do not dis-
play Hardy’s nonlocality [92]. While the maximum value of pHardy in no-signaling
set is 1/2 (achieved with PR box), its optimal value in quantum mechanics turns
out to be (5

√
5−11)/2 ≈ 0.09 [93] (see also [94, 95]), and it is achieved on a pure

two qubit state with projective measurements. The correlation yielding the
maximum Hardy nonlocality in quantum theory reads

Hmax
Q = (5

√
5−11) PNL

+
1
2
(7−3

√
5)

4

∑
i=1

PLi +(
√

5−2) PL5, (2.10)

and it has been shown to be an extreme point of the set Q [88].
In addition to its foundational significance, nonlocal correlations from quan-

tum states have practical applications in communication complexity [96, 97],
quantum cryptography [20, 98, 99], device-independent cryptography [100, 101],
randomness certification [51–60], and device-independent randomness genera-
tion [102–107].

2.2.5 No-Signalling Principle and Quantum Correlations

Quantum correlations exhibit nonlocality, yet they cannot facilitate faster-than-
light communication [108]. To understand this more generally, consider a sce-
nario where Alice and Bob are spatially separated at large distance between
themselves and share a bipartite quantum state ρAB. Bob’s marginal state is

25



Preliminaries

given by TrA(ρAB) := ρB. If Alice performs a local operation, (suppose a measure-
ment) EA on her part of the subsystem of the composite state ρAB, the joint state
ρAB will accordingly transform to

ρ
′
AB = (EA ⊗ IB)ρAB = ∑

k
Mk ⊗ IB(ρAB)M

†
k ⊗ IB

where {Mk} are the Kraus elements corresponding to Alice’s measurement EA

satisfying ∑k M†
k Mk = I. ( while {Mk ⊗ IB} are the Kraus operators corresponding

EA ⊗ IB). After Alice’s operation, the reduced state of Bob’s subsystem becomes
ρ ′

B = TrA(ρ
′
AB). Now if ρ ′

B ̸= ρB, Alice could send information to Bob instanta-
neously, violating the no-signaling principle. However, upon calculating:

ρ
′
B = TrA(∑

k
Mk ⊗ IB(ρAB)M

†
k ⊗ IB) = TrA(∑

k
M†

k Mk ⊗ IB(ρAB)) = TrA(ρAB) = ρB.

we see that the reduced state of Bob’s subsystem remains unchanged by Alice’s
local actions. This ensures compliance with the no-signaling principle, prevent-
ing superluminal communication. Consequently, all correlations derived from
composite quantum states inherently respect the no-signaling condition. This
compatibility between quantum mechanics and special relativity has profound
implications in quantum information theory. For example, foundational results
such as the no-cloning and no-deleting theorems can be derived as consequences
of the no-signaling principle [109, 110].

Here, we provide a concise demonstration of why a universal quantum cloning
device is impossible, based on the no-signalling principle.

No Cloning Theorem from No-signalling Principle:
The no-cloning theorem is a foundational result in quantum information

theory, asserting the impossibility of perfectly copying an arbitrary unknown
quantum state [111]. This theorem has been shown to follow from the principle
that quantum mechanics prohibits faster-than-light communication [109, 112].
Additionally, Gisin established a bound on the fidelity of an imperfect quantum
cloning machine [109]. Here, we outline a proof demonstrating the impossibility
of a perfect universal quantum cloning device as a direct consequence of the
no-signalling principle. Suppose Alice and Bob are spatially separated and share
an entangled state:

|ψ−⟩AB =
1√
2
(|0⟩A |1⟩B −|1⟩A |0⟩B)
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. Assume further that Bob has access to a universal cloning device C . By
performing a σz measurement on her subsystem, Alice can remotely prepare an
ensemble at Bob’s location consisting of |1⟩B ⟨1| and |0⟩B ⟨0| with equal probability,
resulting in the mixed state:If Bob’s state is |1⟩B ⟨1|, the action of the cloning
device C on |1⟩B ⟨1| ⊗ |B⟩R ⟨B| produces the output:|1⟩B ⟨1| ⊗ |1⟩R ⟨1|, where |B⟩R

represents the fixed initial state of an ancillary system, i.e.,

|1⟩B ⟨1|⊗ |B⟩R ⟨B|
C−→ |1⟩B ⟨1|⊗ |1⟩R ⟨1|

On the other hand, at Bob’s side, if the state is |0⟩B ⟨0|, then after action of C on
|0⟩B ⟨0|⊗ |B⟩R ⟨B| we get |0⟩B ⟨0|⊗ |0⟩R ⟨0| i.e.,

|0⟩B ⟨0|⊗ |B⟩R ⟨B|
C−→ |0⟩B ⟨0|⊗ |0⟩R ⟨0|

Thus, if Alice performs a σz measurement on her subsystem of the state |ψ−⟩AB,
and Bob subsequently applies the cloning operation C to his subsystem along
with a fixed state of an ancillary system, the ensemble generated at Bob’s side
becomes an equal mixture of |1⟩B ⟨1|⊗ |1⟩R ⟨1| and |0⟩B ⟨0|⊗ |0⟩R ⟨0|, i.e.,

1
2

{
|1⟩B ⟨1|⊗ |1⟩R ⟨1|)+ |0⟩B ⟨0|⊗ |0⟩R ⟨0|

}
.

If Alice measures σx instead of σz, the ensemble prepared on Bob’s side will
be a mixture of |x⟩B ⟨x| and |x̄⟩B ⟨x̄|, i.e., 1

2(|x⟩B ⟨x|+ |x̄⟩B ⟨x̄|), where |x⟩ := |+⟩ =
1√
2
(|0⟩+ |1⟩) and |x̄⟩ := |−⟩= 1√

2
(|0⟩− |1⟩), the eigenstates of the Pauli σx operator.

Using a similar approach, the final ensemble at Bob’s side (after applying the
cloning device to Bob’s subsystem and the ancillary system) is given by the
following:

1
2

{
|x⟩B ⟨x|⊗ |x⟩R ⟨x|+ |x̄⟩B ⟨x̄|⊗ |x̄⟩R ⟨x̄|

}
.

Note that,

1
2

{
|x⟩B ⟨x|⊗ |x⟩R ⟨x|+ |x̄⟩B ⟨x̄|⊗ |x̄⟩R ⟨x̄|

}̸
=

1
2

{
|1⟩B ⟨1|⊗ |1⟩R ⟨1|+ |0⟩B ⟨0|⊗ |0⟩R ⟨0|

}
.

This breaches the no-signalling principle, as Alice can convey her message
through her choice of measurement. Following the operation of the universal
cloning machine C , the resulting density matrices differ. Consequently, Bob can
infer from the observed statistics which ensemble Alice has remotely prepared,
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allowing him to determine whether Alice performed a σz or σx measurement on
her subsystem. Thus, the harmonious coexistence of quantum theory and special
relativity would be disrupted if the existence of a universal quantum cloning
device were assumed.

2.3 Convex Operational Theories:
Quantum mechanics is the most successful theory till date. Its postulates are
mathematical but even then the mathematical structure is elegant. In the
simplest Bell scenario, we have seen that quantum mechanics proves to be a
nonlocal theory. However it is not "maximally" nonlocal— the maximum CHSH
expression obtainable from quantum theory cannot go beyond 2

√
2, let alone

reach the algebraic maximum 4. Hence this "power" of quantum theory is limited.

The operational implications of this beautiful theory led to the birth of quan-
tum information theory which has in many aspects has more information pro-
cessing power than classical information theory. Researchers wanted to study
both these theories in a broader class of theories which encompasses both these
theories. The theory of quantum mechanics is built on ad-hoc mathematical
postulates that cry out for physical justification. On the other hand, the study of
generalized probability theory (GPT) has garnered significant attention from the
physics community, especially regarding the broader goal of reconstructing quan-
tum mechanics from first principles [24–36]. Within this broader framework,
simple toy models are explored that exhibit non-classical features, providing
deeper insights into the foundations of quantum mechanics [32–36]. These
GPTs help us to address many nonclassicalities found in quantum theory from
a broader point of view. A deeper understanding of quantum theory is brought
about by contrasting these theories with quantum mechanics in several informa-
tion processing scenarios.

Keeping only in mind that any operational theory should have a concept
of preparation or states, the measurements or effects which acts on the states
and the transformations or dynamics governing the evolution of the state, the
generalization of classical probability theory led to the creation of these broader
class of theories. Convexity is a natural assumption and thus convex operational
theories were born in which both classical and quantum theory were members.
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2.3 Convex Operational Theories:

2.3.1 States and Effects

We start by briefly recalling the framework of GPT. For a detailed overview of
this framework we refer to the works [27–31, 37]. In the recent past several
interesting results have been reported within this framework [33, 113–118]. A
GPT is specified by a list of system types and the composition rules specifying
combination of several systems, where a system S is specified by identifying the
three-tuple (ΩS,ES,TS) of the state space, effect space, and the set of transforma-
tions. In a prepare and measure scenario, which will be considered in this work,
it is sufficient to describe ΩS and ES only.

State space [ΩS]: A state ωS for a system S is a mathematical entity that
provides the probabilities of outcomes for all possible measurements on the
system. The collection of all permissible states constitutes the state space ΩS,
which is typically regarded as a compact and convex set situated within a real
vector space V . Convexity ensures that if ω1 and ω2 are valid states, their
classical mixture pω1 + (1− p)ω2 is also a valid state. Compactness, on the
other hand, guarantees no physical difference exists between states that are
prepared exactly and those prepared to an arbitrary degree of accuracy [119].
The extreme points of ΩS are referred to as pure states, representing states of
maximal knowledge.

Effect space [ES]: The mathematical structure of measurements in GPTs
is encapsulated by effects. An effect e is a linear functional acting on V such
that e : ΩS → [0,1]. The unit effect is defined by u(ω) = 1, ∀ ω ∈ ΩS. The set of all
proper effects ES ≡ {e | 0 ≤ e(ω) ≤ 1, ∀ ω ∈ ΩS} is the convex hull of zero effect,
unit effect and the extremal effects and embedded in the vector space V ⋆ dual
to V . A measurement M is a collection of effects that sum to the unit effect, i.e.
M ≡ {ei ∈ ES | ∑i ei = u}.

State and effect cones: Sometimes it is mathematically convenient to work
with the notion of unnormalized states and effects. The set of unnormalized
states V+ ⊂V is the conical hull of Ωs, i.e., rω ∈V+ for r ≥ 0 and ω ∈ ΩS. The set
of unnormalized effects is its dual cone V ⋆

+ ⊂V ⋆, i.e., V ⋆
+ ≡ {e | e(ω)≥ 0, ∀ ω ∈V+}.

The formulation generally assumes the ‘no-restriction hypothesis’ which de-
mands that the state and effect cones are dual to each other [29].

2.3.2 Joint System

Composite system: Given two systems with state spaces ΩA ⊂VA and ΩB ⊂VB,
the state space ΩAB for the composite systems is embedded in the vector space VAB
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which is the tensor product of the component vector spaces, i.e. VAB =VA⊗VB [120].
The choice of ΩAB is however not unique which brings forth several interesting
ways of relating ΩA, ΩA with ΩAB. Instead of arbitrary composition rules which
might be mathematically valid, from a physical point of view, the no signaling
principle and tomographic locality postulate [27] bound the choices within two
extremes – the minimal tensor product space and maximal tensor product space
[38].

1. For a pair of effects (eA,eB), where eA ∈ εA and eB ∈ εB, every joint state
ωAB ∈ ΩAB must assign consistent joint probabilities.

2. The no-signalling principle: This states that the joint statistics on a
joint system AB should be such that the marginal probability distribution
for the outcomes of a measurement on one part B should not be affected by
the measurements performed on the other part A and vice-versa.

3. The local tomography principle: This states that given arbitrary copies
of a state AB, it should be possible to identify the state of the joint system
AB through local measurements performed by the parties on their respec-
tive subsystems. The parties need to be communicating classically. Thus
joint statistics is sufficient to pinpoint the joint state of the system AB.

More formally,

Ω
min
AB ≡ {ωAB = ∑

i
piω

i
A ⊗ω

i
B | ω

i
A ∈ ΩA,

ω
i
B ∈ ΩB; pi ≥ 0 & ∑

i
pi = 1},

Ω
max
AB ≡ {ωAB ∈VAB | 1 ≥ eA ⊗ eB(ωAB)≥ 0,

∀ eA ∈ EA & eB ∈ EB} .

It is not hard to see that the cone (V min
AB )+ is isomorphic to the dual cone (V max

AB )+.
Therefore, in accordance with the no-restriction hypothesis for the case of mini-
mal composition, the effect cone (V min

AB )⋆+
∼= (V max

AB )+, and for the case of maximal
composition, the effect cone (V max

AB )⋆+
∼= (V min

AB )+. The symbol ∼= denotes isomor-
phism.

2.4 Quantum Theory: a GPT
Quantum theory can be seen as a special instance of a GPT. State space of a
d-level quantum system associated with complex Euclidean space Cd is the set of
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density operators acting on Cd, i.e., Ω(Cd)≡ D(Cd). The set D(Cd) is a compact
and convex set embedded within Rd2−1. The unnormalized state cone is the set
of all non-negative operators P(Cd) := {λρ | λ ≥ 0 & ρ ∈ D(Cd)}, which is also
the unnormalized effect cone. In other words, quantum theory is self dual. The
minimal composition of two quantum systems associated with Hilbert spaces
CdA and CdB allows only separable state we call it as SEP composition and denote
the resulting system as the triplet SAB

SEP ≡
[
CdA,CdB,

⊗
SEP
]
. Formally the state

space for the SEP composition is given by

ΩSEP(CdA,CdB) :=

{
ρAB = ∑

i
piρ

i
A ⊗ρ

i
B | pi ≥ 0

& ∑
i

pi = 1; ρ
i
A ∈ D(CdA), ρ

i
B ∈ D(CdB)

}
.

Since ΩSEP(CdA ,CdB) contains only separable states, the corresponding effect
space ESEP(CdA ,CdB) contains effects that are not allowed in quantum theory.
Entanglement witness operators yielding positive probability on separable states
are valid effects in this composition although they are not allowed in quantum
theory. On the other extreme, the maximal composition, which we will call SEP,
and the resulting system denote as SAB

SEP
≡
[
CdA,CdB ,

⊗
SEP
]
, has the state space

ΩSEP(C
dA,CdB) :=

{
WAB ∈ Herm(CdA ⊗CdB) |

Tr(WAB) = 1,Tr[WAB(πA ⊗πB)]≥ 0

∀ πA ∈ P(CdA),πB ∈ P(CdB)
}
.

Here Herm(X ) denotes the set of Hermitian operators acting on the space X ,
and normalization demands Tr(WAB) = 1 ∀ WAB ∈ ΩSEP(C

dA ,CdB). The unnormal-
ized effect cone corresponding to ESEP(C

dA,CdB) is identical to the unnormal-
ized state cone corresponding to the set ΩSEP(CdA ,CdB). For the quantum case
SAB

Q ≡
[
CdA ,CdB,

⊗
Q
]

we have ΩQ(CdA,CdB) = D(CdA ⊗CdB), and the effect cone is
identical to the state cone which represents the self duality of quantum theory.
The following set inclusion relations are immediate

ΩSEP(CdA,CdB)⊂ ΩQ(CdA,CdB)⊂ ΩSEP(C
dA ,CdB),

ESEP(C
dA,CdB)⊂ EQ(CdA,CdB)⊂ ESEP(CdA ,CdB).
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Between SEP and SEP, many other compositions can be defined by append-
ing/deducting suitable states/effects. Among these, quantum composition is the
only one that is self-dual.
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Chapter 3

A Local Quantum State Discrimination
Problem

3.1 Motivation
Distinct objects or perfectly distinguishable states of a system can be used to
store information which assures the readability of the information without any
ambiguity. Pure classical states are always perfectly distinguishable and hence
can be used for encoding and decoding. In the quantum world, however, encoding
in any pure state would not be a wise idea, as all the information protocols
such as [4, 5, 121–124], are governed by rules that are fundamentally different
from our classical worldview. For instance, classical information encoded in non-
orthogonal quantum states, either pure or mixed, cannot be perfectly decoded
since the no-cloning theorem [6] ( more generally the no-broadcasting theorem
[125]) puts restrictions on their perfect discrimination.

Distinguishability of two states in quantum theory boils down to their or-
thogonality. Such a constraint is strictly quantum (more precisely, non-classical
[32, 126]) in nature. The reason is that the state space of a classical system
having a finite number of perfectly distinguishable states is described by some
simplex embedded in some Rd where extreme points of the simplex correspond to
the pure states. On the other hand, distributions on phase space represent mixed
state while delta distributions, i.e., the phase space points correspond to pure
states that are unaccountably many in numbers but perfectly distinguishable at
least in principle.

Now even the set of perfectly distinguishable quantum states becomes further
constrained under restricted measurement settings, such as local operations
and classical communication (LOCC) [12, 127–135], separable operations (SEP)
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[136–138], or positivity of partial transposition (PPT) preserving operations
[139, 140]. A notable nonclassical feature of multipartite quantum systems, of-
ten regarded as a signature of nonlocality, is that there exist sets of multipartite
states that cannot be discriminated locally but can be perfectly distinguished
when complete global access is granted. In contrast to Bell-type nonlocality,
which only manifests in entangled states, Bennett et al. [12] demonstrated that
this form of nonlocality can also arise in sets of orthogonal product quantum
states. Since product states can be prepared locally, their restricted distinguisha-
bility through local operations on subsystems held by each party unveils another
form of quantum nonlocality, termed quantum nonlocality without entanglement.

During the last two decades LSD has been studied in great detail resulting in
a plethora of interesting conclusions [141–156] and it also finds applications in
useful tasks [157, 13, 158, 15, 159]. Apart from LSD and more general quantum
state discrimination problems [160–162], several other discrimination tasks,
eg. channel/sub-channel discrimination, process discrimination, circuit discrimi-
nation, have been studied during the recent past [163–166] that subsequently
motivate several novel information protocols [167–171].

In this chapter, which is based on one of our works [76] we shall present the
Local State Marking (LSM) task, wherein a subset of states chosen randomly
from a known set of multipartite states is provided to spatially separated parties
without revealing the identities of the individual states. The aim is to mark the
identities of the states under the operational paradigm of LOCC. For a given set
of multipartite states S one can define a class of discrimination tasks denoted
by m-LSM. Here 1 ≤ m ≤ |S | with 1-LSM corresponding to the task of LSD and
the |S |-LSM task we will denote simply as LSM where |S | is the cardinality of
set S .

This chapter has been arranged as follows: in Section 3.2, we first discuss
the LOCC framework in short, although it has been discussed in Chapter 1. In
Section 3.3, we explicitly discuss the concept of quantum nonlocality without
entanglement by providing an example of the set of mutually orthogonal product
states that are locally indistinguishable. In Section 3.4, we discuss the various
constraints that can be imposed on measurements. We then briefly discuss the
problem of local state discrimination (LSD) in Section 3.5. In Sections 3.6 and
3.7, we discuss the seminal results of Walgate et. al. and Hayashi et. al., which
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anyone working local state discrimination must necessarily know. Section 3.8
deals with what we mean by the task of local state marking (LSM) and presents
a few observations. Some generic implications between m-LSM and m′-LSM
tasks are also analyzed when m ̸= m′. In Section 3.9, we find that the task of
LSM is distinct from the task of LSD. In particular, we show that the local
distinguishability of an arbitrary set of states always implies local markability,
but the converse does not always hold. This result is shown by providing an
example of mutually orthogonal states that are locally markable but not locally
distinguishable. We then provide examples of orthogonal states that can neither
be distinguished nor marked perfectly under local operations in Section 3.10.
Then in Section 3.11, we study entanglement-assisted local marking of states
where additional entanglement is provided as a resource to mark the states that
are otherwise locally unmarkable. There we report an intriguing entanglement
assisted catalytic LSM phenomenon– a locally unmarkable set of states can be
perfectly marked when additional entanglement is supplied as a resource. Inter-
estingly, the entanglement is returned (either partially or completely) once the
marking task is done. In Section 3.12, we then consider an information-theoretic
task, wherein we show that choosing LSM over the conventional multi-copy LSD
proves to be more economical in conveying classical messages from the referee to
the parties. Then we finally conclude in Section 3.13.

3.2 The LOCC framework
In the multipartite scenario, when different parts of the quantum systems are
held by spatially separated parties, the class of operations LOCC captures the
‘distant lab’ paradigm. Although it is extremely hard to characterize the struc-
ture of LOCC operations [23], this restricted paradigm plays a crucial role in
understanding the resource of quantum entanglement and it constitutes the sce-
nario for the task of m-LSM which will be discussed later. In the well-established
framework of Local Operations and Classical Communication (LOCC), one en-
visions multiple parties spatially separated in distinct laboratories. A referee
selects a random state from a set of multipartite states, which are known to the
parties, and distributes individual subsystems to each participant. Due to the
setup, each party is restricted to local measurements and can only collaborate
via classical communication.
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3.3 Nonlocality from Unentangled States
Here, the nonlocality we refer to is in the context of state discrimination under
the LOCC framework, which we have discussed in Chapter 1. Peres and Wootters
demonstrated that, in the task of distinguishing between three carefully chosen
bipartite product states within the LOCC framework, global measurements
are optimal, whereas local measurements on individual subsystems prove to
be suboptimal [11]. This result implies that certain bipartite product states,
although locally preparable by two parties, require a joint measurement for
optimal discrimination—a procedure that cannot be implemented by spatially
separated parties constrained to classical communication.

In 1999, Charles H. Bennett and his collaborators went a step further and
showed that it can so happen that a set of bipartite product orthogonal quantum
states are perfectly distinguishable when there is access to both the subsystems,
but cannot be distinguished when the subsystems are in two spatially separated
parties’ laboratories [12]. The unavailability of the access of the two subsystems
together shows its signature in the optimal distinguishing probability of those
states.

When the composite system is available, any global operation can be imple-
mented, which helps in the distinguishability task. However, when the spatially
separated parties have only access to their respective subsystem, only local
operations can be implemented by the parties, which has been shown to be a
strict subset of global operations, even if the parties are allowed to communicate
classically. This is the LOCC scenario where LO stands for local operations
and CC for classical communication. This gap in the distinguishing probability
between the two scenarios mentioned above is the nonlocality that is being
referred to.
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FIG. 3.1 A graphical representation of the nine mutually orthogonal states, illustrated
as a set of dominoes.

According to [12], the following set of nine orthogonal product states, in
C3 ⊗C3 could not be distinguished under LOCC

|ψ1⟩AB = |1⟩A |1⟩B

|ψ2⟩AB = |0⟩A |0+1⟩B

|ψ3⟩AB = |0⟩A |0−1⟩B

|ψ4⟩AB = |2⟩A |1+2⟩B

|ψ5⟩AB = |2⟩A |1−2⟩B

|ψ6⟩AB = |1+2⟩A |0⟩B

|ψ7⟩AB = |1−2⟩A |0⟩B

|ψ8⟩AB = |0+1⟩A |2⟩B

|ψ9⟩AB = |0−1⟩A |2⟩B

The normalization constant has been ignored for the sake of simplicity. Also
|p±q⟩ := (|p⟩± |q⟩) with p ∈ {0,1} and q ∈ {1,2}.
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A simpler proof for the local indistinguishability of the above set can be found
in [128]. In that paper, the authors have shown mathematically that there exists
no nontrivial orthogonality preserving local measurement for any of the parties A
or B which can eliminate some of the possibilities of given |ψk⟩AB , k ∈ {1,2, · · · ,9}.

Thus, it is through a discrimination task that seemingly "classical" product
states were able to reveal their nonlocality, a property that has since proven
immensely useful in various cryptographic and information-theoretic tasks.

The primary goal of this chapter is to explore local state discrimination
tasks, which hold potential applications in various information-theoretic contexts.
Before this, we will examine the range of measurements that can be performed
on composite systems under various imposed constraints.

3.4 Measurements: Global vs PPT vs SEP vs LOCC
When the subsystems of a composite system are available, any global operation
can be implemented which is allowed in quantum theory. However, it is inter-
esting to see what operations can be performed when constraints start being
imposed.

We know that a Positive Operator-Valued Measure (POVM) on H having n
outcomes is a set of n linear operators {Mi}n

i=1, where Mi ≥ 0 ∀i and ∑i Mi = IH ,
where IH denotes the identity operator on H . When we consider multipartite
systems, the set of measurements shows a richer structure than what is observed
for measurements acting on single systems.

Let us consider for simplicity a bipartite system. Hilbert spaces associated
with the subsystems are denoted as HA and HB respectively.

• Global measurement: These are all the measurements that can be im-
plemented on the joint state. Mathematically, we have a set of n operators
{Mi}n

i=1 s.t Mi ∈ Pos(HA ⊗HB) ∀i and ∑i Mi = IHA⊗HB where IHA⊗HB is the
identity operator on HA ⊗HB.

• PPT-POVMs: We call a positive semidefinite operator E ∈ L (HA ⊗HB)

to be a PPT operator if ETA ≥ 0 where TA refers to the partial transpose
operation with respect to the party A, i.e

(|i j⟩⟨kl|)TA = |k j⟩⟨il| (3.1)
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A Positive-Operator-Valued-Measure (POVM) on with n outcomes i.e M :=
{Mi}n

i=1 s.t Mi ∈ Pos(HA ⊗HB) ∀i and ∑i Mi = IHA⊗HB, is said to be a PPT-
POVM if each Mi is PPT, where IHA⊗HB is the identity operator on HA ⊗HB.

• SEP-POVMs: A Positive-Operator-Valued-Measure (POVM) M with n out-
comes is called a SEP-POVM if {Mi}n

i=1 is a POVM on HA⊗HB s.t Mi/Tr(Mi)

is a separable quantum state ∀ i and ∑
n
i=i Mi = IHA⊗HB where IHA⊗HB is the

identity operator on HA ⊗HB.

• LOCC:While LOCC is the natural class of operations for many essential
quantum information tasks, its mathematical structure remains complex
and challenging to characterize. See [23] for an in-depth understanding.

It is known that any POVM that can be realized using an LOCC protocol is a
PPT POVM. Moreover, all SEP-POVMs are trivially PPT-POVMs but not the
converse. Hence, we have

LOCC-POVMs ⊂ SEP-POVMs ⊊ PPT-POVMs

The result by Bennett et al. discussed in the previous section showed that it is
not always possible to implement separable superoperators locally.
Thus,

LOCC POVMs ⊊ SEP-POVMs ⊊ PPT-POVMs

See [172, 173] for an in-depth understanding.

3.5 Local Quantum State Discrimination (LSD)
As we have discussed before, while a set of mutually orthogonal quantum states
can always be distinguished perfectly when no restrictions on operations are
there, interesting situations arise for multipartite quantum systems when dis-
criminating operations among the spatially separated parties holding different

FIG. 3.2 The task of Local State Discrimination
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subsystems are limited to local quantum operation assisted with classical com-
munication (LOCC). This constitutes the framework for the problem of local
state discrimination (LSD) [174–181].

A state chosen randomly from a set of known set of K mutually orthogonal
bipartite quantum states S ≡

{
|ψ j⟩ | ⟨ψi|ψ j⟩= δi j

}
⊂ CdA

A
⊗

CdB
B are distributed

among spatially separated parties Alice and Bob without revealing the identity
of the state. They have to identify the index i using LOCC.

In the next section, the seminal result of Jonathan Walgate, et. al. will be
discussed which deals with the local distinguishability of any two pure, mutually
orthogonal multipartite quantum states, regardless of their entanglement [175].

3.6 Distinguishability of any two orthogonal pure states
Theorem 1. Any two orthogonal pure multipartite states, |Ψ⟩ and |Φ⟩, can
be exactly distinguished using local operations and classical communication
(LOCC).

We shall discuss the bipartite scenario for the sake of simplicity. They show
that it is always possible via local operations to find a basis such that |Ψ⟩ and
|Φ⟩ can be represented as :

|Ψ⟩= |1⟩A |η⟩B + · · ·+ |l⟩A |ηl⟩B (3.2)

and
|Φ⟩= |1⟩A |η

⊥
1 ⟩B + · · ·+ |l⟩A |η

⊥
l ⟩B (3.3)

where {|i⟩A for i=1 to l} is some orthogonal basis set for Alice and {|η1⟩B for i=1 to l}
are unnormalized and such that |ηi⟩B is orthogonal to |η⊥

i ⟩B for each i. The next
step for the discrimination task is obvious. Alice simply performs a measure-
ment in the above {|i⟩A for i=1 to l} basis on her subsystem and communicates
the obtained outcome i∗. Bob, depending on the communication, performs the
trivial task of distinguishing between |ηi∗⟩B and |η⊥

i∗ ⟩B.

3.7 Distinguishability of a set of mutually orthogonal
maximally entangled states

Recently, Hayashi and his collaborators established a necessary criterion for a
set of mutually orthogonal multipartite states to be perfectly distinguished via
LOCC [181]. Consequently, this criterion provides a sufficient condition for the
states to be locally indistinguishable.
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Theorem 2. n mutually orthogonal maximally entangled states in Cd ⊗Cd

cannot be perfectly distinguished through LOCC, whenever n > d.

3.8 Local State Marking (LSM)
Definition 1. [m-LSM] m number of states chosen randomly from a known set of
pairwise orthogonal N-party quantum states S ≡

{
|ψ j⟩ | ⟨ψi|ψ j⟩= δi j

}
⊂
⊗N

i=1C
di
Ai

are distributed among spatially separated parties without revealing the identity
of each state. The m-LSM task is to perfectly identify/mark each of the states
under the operational paradigm of LOCC.

In Definition 1, m can take values from 1 to |S | and accordingly they con-
stitute different discrimination tasks (see Fig.3.3). The task of 1-LSM is more
popular as LSD which has been explored in great detail during the last two
decades [174–181, 141–156]. The problem of LSD has also been studied with
ensembles containing non-orthogonal states [11, 182]. Similarly, Definition 1
can also be generalized for such ensembles. In that case, the quantity of in-
terest will be the difference between the maximum success probabilities of the
corresponding marking task under global and local operations, respectively.

We will start the technical part of this article by establishing some generic
results.

Lemma 1. For a set of multipartite states S , perfect (|S | − 2)-LSM always
implies perfect LSM.

Proof. Perfect (|S |−2)-LSM of the set S implies that given arbitrary (|S |−2)
states from the set, they can be marked locally. So we are left with two more
states to identify locally. According to the standard result by Walgate et al.
Theorem 1, any two multipartite pure orthogonal states can be distinguished
locally [175], which proves our claim.

While proof of Lemma 1 follows straightforwardly from the result of Walgate
et al., in the next we establish a rather nontrivial thesis.

Theorem 3. For a set of multipartite states S , perfect LSD (i.e. 1-LSM) always
implies perfect LSM (i.e. |S |-LSM).

Proof. Let the set of states SK ≡ {|ψ1⟩ , · · · , |ψK⟩} ⊂
⊗N

i=1C
di
Ai

:= H be locally
distinguishable. The problem of LSM for the set SK can be reformulated as
an LSD problem of the set of states SP[{K}] ≡

{
P
(
⊗K

i=1 |ψi⟩
)}

⊂ H ⊗K, where
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FIG. 3.3 The task of m-LSM is illustrated for the bipartite scenario. m states chosen
randomly from a set of K states are distributed between spatially separated
Alice and Bob without revealing the identities of the individual states. They
have to identify the indices i1, · · · , im using LOCC. In this particular example,
the indices are identified to be (i1 = 3, i2 = 5, · · · , im = 1). The special case of
m = 1 corresponds to the task of LSD.

{
P
(
⊗K

i=1 |ψi⟩
)}

denotes the set of tensor product states generated through per-
mutations of the indices {1, · · · ,K}. For instance, SP[{3}] :=

{
P
(
⊗3

i=1 |ψi⟩
)}

≡
{|ψ1ψ2ψ3⟩ , |ψ1ψ3ψ2⟩ , |ψ2ψ3ψ1⟩ , |ψ2ψ1ψ3⟩ , |ψ3ψ2ψ1⟩ ,
|ψ3ψ1ψ2⟩}, where |x y z⟩ := |x⟩⊗ |y⟩⊗ |z⟩. The states in SP[{K}] can be expressed
group-wise as follows,

Gl := |ψl⟩⊗SP[{K}\l] ≡ |ψl⟩⊗
{
P
(
⊗i ̸=l |ψi⟩

)}
,

where l ∈ {1, · · · ,K}. Clearly, the groups Gl make disjoint partitions of the set
SP[{K}], i.e., SP[{K}] ≡

⋃K
l=1 Gl s.t. Gl ∩Gl′ = /0 whenever l ̸= l′. Since the states in

SK is locally distinguishable, by local operations on the first part of the tensor
product states in SP[{K}] we can know with certainty in which of the above
groups the given state lies. If the group turns out to be Gl⋆ (i.e., if the index l has
been identified to be l∗), the given state |ψl⋆⟩⊗ (· · ·) evolves to |ψ ′

l⋆⟩⊗ (· · ·) due
to the LOCC protocol, where the term within the brackets remain unchanged
and hence further LOCC protocols can be applied on them. The group of states
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Gl⋆ = |ψ ′
l⋆⟩⊗SP[{K}\l⋆] can be further partitioned into disjoint subsets as,

Gl⋆ ≡
⋃

Gl⋆,m s.t. Gl⋆,m ∩Gl⋆,m′ = /0 ∀ m ̸= m′,

where Gl⋆,m := |ψ ′
l⋆⟩⊗ |ψm⟩⊗SP[{K}\{l⋆,m}],

and m,m′ ∈ {1, · · · ,K} \ l⋆. Since any subset of a locally distinguishable set of
states is also locally distinguishable, the identity of the index m can be known
perfectly by applying some local protocol on the |ψm⟩ part of the given state. As
before, the remaining parts of the state will not change. We can continue this
process till we completely determine the identity of the state in SP[{K}] which in
turn marks the state in SK. This completes the proof.

While Theorem 3 deals with the implications between two extreme cases,
particularly establishing 1-LSM =⇒ |S |-LSM, the following corollaries establish
few more nontrivial implications among generic m-LSM tasks.

Corollary 1. For a set of multipartite states S , perfect m-LSM always implies
perfect m′-LSM, where 1 ≤ m ≤ m′(:= nm)≤ |S | with n ∈ N.

Proof. Given a set SK ≡ {|ψ1⟩ , · · · , |ψK⟩} ⊂
⊗N

i=1C
di
Ai

is m-LSM we are supposed
to prove that it is m′-LSM, where m′ = nm with n ∈ N. Intuitively, the proof goes
as follows. Let Lm be the local protocol that successfully completes the m-LSM
task for the set SK. For the m′-LSM task, we divide the set of m′ states into n
arbitrary disjoint sets each containing m states. Treating each of these n sets
independently, we can mark them locally by following the protocol Lm. Thus, by
successively applying the protocol Lm we can construct the local protocol Lm′ for
the m′-LSM task .

We can also reformulate this as an LSD task as was done in Theorem 1. We
begin by noting that from the set SK ≡ {|ψ1⟩ , · · · , |ψK⟩} ⊂

⊗N
i=1C

di
Ai

one can choose
m states in KCm different ways. Let denote each such choice of states by the set
S j

m where j ∈ {1, · · · ,KCm}. Therefore, m-LSM problem of SK can be reformulated
as the LSD problem of the set of states

SKCm×m! ≡
KCm⋃
j=1

S j
P[{m}]

s.t. S j
P[{m}]

⋂
S j′

P[{m}] = /0 for j ̸= j′,
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where S j
P[{m}] is defined similarly as in Theorem 1. We are given that perfect

m-LSM of the the set SK is possible, i.e., there exists a local protocol Lm that
perfectly distinguishes the states in SKCm×m!. While considering the m′-LSM
problem, or equivalently, the LSD problem of the set SKCm′×m′!, the states in

S j
P[{m′}] can be expressed group-wise as G j

l1,...,lm
:= |ψl1, ...,ψlm⟩⊗S j

P[{m′}\{l1,...,lm}]
for each value of j. Thus the groups G j

l1,...,lm
make a disjoint partition of the the set

SKCm′×m′!. Since SK is m-LSM, by performing local operations on the first m-parts

of the tensor product states in SKCm′×m′! we can fix the indices l1, .., lm of G j
l1,...,lm

. If
l1, .., lm is identified to be l∗1 , .., l

∗
m then we know with certainty that the given state

lies in
⋃
j
G j

l∗1 ,...,l
∗
m

and the given state is identified to be of the form |ψl∗1 , ...,ψl∗m⟩⊗(...)

and evolves to |ψ ′
l∗1
, ...,ψ ′

l∗m
⟩⊗ (...) after the protocol has been performed, where

the terms in the brackets remain unchanged and hence further protocols can be
performed on that part. The groups G j

l∗1 ,...,l
∗
m
= |ψ ′

l∗1
, ...,ψ ′

l∗m
⟩⊗S j

P[{m′}\{l1,...,lm}] can

be further partitioned into disjoint subsets as G j
l∗1 ,...,l

∗
m
=

⋃
t1,··· ,tm

G j
l∗1 ,...,l

∗
m,t1,...,tm

for each

value of j, where G j
l∗1 ,...,l

∗
m,t1,...,tm

≡ |ψ ′
l∗1
, ...,ψ ′

l∗m
⟩⊗ |ψt1, ...,ψtm⟩⊗S j

P[{m′}\{l∗1 ,...,l
∗
m,t1,...,tm}]

.
Since SK is m-LSM, any subset of SK is also m-LSM. Hence we can further fix
the indices t1, .., tm by performing local operations on the second m-parts of the
tensor product states in

⋃
j
G j

l∗1 ,...,l
∗
m
. We continue this process n-times which will

completely fix all the nm = m′ indices. This will also fix the index j since we have
completely distinguished the state. This completes the proof. For the special
case of m = 1, LSD (i.e., 1-LSM) implies perfect m-LSM with 1 ≤ m ≤ |S |.

Corollary 2. For a set of multipartite states S containing only product states,
perfect m-LSM always implies perfect m′-LSM, where 1 ≤ m ≤ m′ ≤ |S |.

Proof. It is sufficient to show that m-LSM implies (m+ 1)-LSM for any set S

containing product states only. Given (m+1)-states to be marked, we begin by
marking the first m-states by using the protocol for m-LSM. However, during
this process, the first m-states are destroyed. But since we have determined the
identity of the first m-states, we can locally create the original set of first m-states
once again. It is to be noted that we can locally create any set of multipartite
states whose identity is known if and only if the set contains product states
only. We now run the protocol for m-LSM once again but this time on the last
m-states. Thus we have identified all the (m+1)-states. This completes the proof.
Reformulation of this proof in terms of the LSD problem is straightforward and
follows similarly to the proof of Corollary 1.
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We note in passing that m-LSM does not trivially imply (m− 1)-LSM for
product states. In the m-LSM task, m states are accessible to the parties in order
to mark their identities. However, for (m− 1)-LSM, the number of accessible
states reduces to (m−1) and no trivial inferences can be drawn. Although we
were unable to prove for product states, whether m-LSM implies (m-1)-LSM or
not, if this really were the case, then the consequences would be very exciting.
Using the contrapositive of the statement that m-LSM implies (m-1)-LSM, we
would have thus given a protocol for constructing locally indistinguishable states
in higher dimensions starting from states like Bennett’s UPBs for which perfect
LSD is not possible.

3.9 LSM and LSD are inequivalent
Our next result, however, establishes that the converse statement of Theorem
3 does not hold in general and we show this by providing an explicit example
wherein given a set of entangled states that are known to be locally indistinguish-
able, the task of LSM is still possible, and that too with a substantial amount
of surplus entanglement shared between the distant parties at the end of the
protocol.

Theorem 4. Perfect LSM of a given set of states S does not necessarily imply
perfect LSD of S .

Proof. The proof is constructive. We provide a set of pairwise orthogonal states
that can be perfectly marked under LOCC but do not allow perfect local dis-
tinguishability. To this aim consider the set of states X4 ≡ {|χi⟩}4

i=1 ⊂ C4
A ⊗C4

B
shared between Alice and Bob, where

|χ1⟩ := |φ+⟩A1B1
⊗|φ+⟩A2B2

, |χ2⟩ := |φ−⟩A1B1
⊗|φ−⟩A2B2

,

|χ3⟩ := |ψ+⟩A1B1
⊗|φ−⟩A2B2

, |χ4⟩ := |ψ−⟩A1B1
⊗|φ−⟩A2B2

,

with |φ±⟩ :=
|00⟩± |11⟩√

2
, |ψ±⟩ :=

|01⟩± |10⟩√
2

,

and A1,A2 subsystems are with Alice while B1,B2 are with Bob. The part
of |χi⟩ indexed with A1B1 we will call the first part and the part with index
A2B2 will be the second part. For LSM, Alice and Bob are provided the state
|χp⟩ ⊗ |χq⟩ ⊗ |χr⟩ ⊗ |χs⟩ ∈

(
C4

A ⊗C4
B
)⊗4, without specifying the indices p,q,r,s ∈

{1, · · · ,4} and p,q,r,s are all distinct. Their collaborative aim is to identify the
indices where the collaboration is restricted to LOCC. We shall now discuss the
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proof.

Now, local indistinguishability of the set X4 follows from the results of Yu et al
[183]. There the authors have proved that states in X4 cannot be distinguished
perfectly by any PPT-POVM, a larger class of operations that strictly contains
all LOCC operations, as discussed in Section 3.4. Now we show that there exists
a local strategy that marks the states exactly.

The set X4 can be thought of as the union of two disjoint sets of states

X4 = G1 ∪G2 & G1 ∩G2 = /0,

where, G1 := {|χ1⟩ , |χ2⟩}, G2 := {|χ3⟩ , |χ4⟩}.

The LSM task can be considered as identifying the indices p,q,r,s ∈ {1, · · · ,4}
in the state |Σ⟩ := |χp⟩⊗ |χq⟩⊗ |χr⟩⊗ |χs⟩ ∈

(
C4

A ⊗C4
B
)⊗4 locally, where p,q,r,s are

distinct. Note that the state |Σ⟩ is a composition (tensor product) of four different
states and we will call |χp⟩ the first state, |χq⟩ the second state and so on (of
course, the indices p,q, · · · are not known and the aim is to identify them locally).
The local marking strategy of Alice and Bob goes as follows:

Step-1 Both Alice and Bob perform the Pauli-Z measurement on the first
part of the first state (i.e., the state |χp⟩). If they obtain correlated (C) outcomes,
i.e., If Alice and Bob both obtain the same outcome, then they conclude that
|χp⟩ ∈ G1, whereas anti-correlated (AC) outcomes imply |χp⟩ ∈ G2. Depending on
the results obtained in Step-1 they determine their protocol for the next step.
For instance, if they obtain correlated outcomes then their protocol is discussed
below.

Step-2 Knowing that |χp⟩ ∈ G1, both Alice and Bob perform Pauli-X measure-
ment on the second part of |χp⟩. Correlated outcomes imply that the first state
is |χ1⟩ (i.e., p = 1), else it is |χ2⟩ (i.e., p = 2). Accordingly, two different branches
open up at the next step.

Step-3 :[Case-I] p = 1 in Step-2 implies that the second part of all the states
|χq⟩ , |χr⟩ & |χs⟩ is |φ−⟩. Using the second part of the second state (i.e., |χq⟩) Alice
and Bob follow the teleportation protocol (TP) to prepare the first part of |χq⟩ at
Alice’s laboratory. Alice now performs the Bell basis measurement (BM) on the
first part of |χq⟩ and depending upon the measurement outcome marks the state
exactly.
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3.9 LSM and LSD are inequivalent

FIG. 3.4 Flow chart of the protocol if correlated outcomes are obtained in Step-1.
The number written in each branch indicates the probability of occurrence
of that branch. The average amount of entanglement left in this case is[1

2 ×3+ 1
2

{1
3 ×4+ 2

3

(1
2 ×3+ 1

2 ×2
)}]

= 3 ebits.

Step-4:[Case-I] Since two states |χp⟩ and |χq⟩ are marked exactly (in this
case p = 1 and q = 2 or 3 or 4), the result of Walgate et al. (Theorem 1) allows us
to mark the state |χr⟩ by a local protocol on the first part of the state (In the flow
charts of Figure 3.4 & 3.5 we will call it the Walgate Protocol and denote it as
WP). The remaining state |χs⟩ is immediately marked as the set X4 is known. For
the sake of completeness, we list the different possibilities and the corresponding
Walgate Protocols:

• p = 1 (in Step-2) and q = 2 (in Step-3 [Case- I]): Both Alice and Bob perform
the Pauli-X measurement on the first part of |χr⟩. Correlated outcomes
imply r = 3 and s = 4. Anti-correlated outcomes imply r = 4 and s = 3.
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• p = 1 (in Step-2) and q = 3 (in Step-3 [Case- I]): Both Alice and Bob perform
the Pauli-Z measurement on the first part of |χr⟩. Correlated outcomes
imply r = 2 and s = 4. Anti-correlated outcomes imply r = 4 and s = 2.

• p = 1 (in Step-2) and q = 4 (in Step-3 [Case- I]): Both Alice and Bob perform
the Pauli-Z measurement on the first part of |χr⟩. Correlated outcomes
imply r = 2 and s = 3. Anti-correlated outcomes imply r = 3 and s = 2.

Note that the entanglement of |χp⟩, |χq⟩, and the first part of |χr⟩ gets destroyed
in the protocol, whereas the entanglement of |χs⟩ and the second part of |χr⟩
remains intact. So, whatever the outcome of BM at Step-3, the protocol ends
with 3-ebit entanglement that can be used as a resource.

Step-3 :[Case-II] Let Step-2 yield the conclusion that p = 2. Then, both
Alice and Bob perform the Pauli-Z measurement on the first part of the second
state (i.e., the state |χq⟩).

• If correlated outcomes are obtained then q = 1.

• If anti-correlated outcomes are obtained then q = 3 or 4.

Step-4 :[Case-II] If correlated outcome is obtained in Step-3 [Case-II], then
we have p = 2 and q = 1. Again, the result of Walgate et al. ensures that local
marking of |χr⟩ is possible by a local protocol on the the first part of the state and
accordingly the remaining state |χs⟩ is also marked. This leaves us with 4-ebit of
entanglement at the end of the protocol – 1-ebit each in |χq⟩ and |χr⟩, and 2-ebit
in |χs⟩.

If an anti-correlated outcome is obtained in Step-3 [Case-II] then Alice and
Bob know that the second part of |χq⟩ is |φ−⟩. Utilizing this |φ−⟩ they teleport
and prepare the first part of |χr⟩ at Alice’s laboratory. Alice performs the Bell
basis measurement (BM) on the first part of |χr⟩ and marks the state exactly.

• If |χr⟩ is identified as |χ4⟩ then we have p = 2,q = 3,r = 4,s = 1. If |χr⟩ is
identified as |χ3⟩ then we have p = 2,q = 4,r = 3,s = 1. In both these cases
we are left with 3-ebit of entanglement.

• If the state |χr⟩ is identified as |χ1⟩, then we have p = 2 and r = 1. WP allows
us to mark the state |χs⟩ by a local protocol on its first part. Therefore we
have either p = 2,q = 4,r = 1,s = 3 or p = 2,q = 3,r = 1,s = 4. Both these
cases leave us with 2-ebit of entanglement.

48



3.9 LSM and LSD are inequivalent

FIG. 3.5 Flow chart of the protocol if anti-correlated outcomes are obtained in
Step-1. The average amount of entanglement left in this case is[1

3 ×4+ 2
3

{1
2 ×2+ 1

2 ×3
}]

= 3 ebits.

So far, we have discussed the protocol if we obtain correlated outcomes in Step-
1. The protocol is summarized in the flow chart shown in Figure 3.4. However,
to complete the proof we need to analyze the case if anti-correlated outcomes are
obtained in Step-1. The corresponding flowchart is shown in Figure 3.5. From
the flow charts, it straightforwardly follows that on an average 3-ebit

[1
2(3+3)

]
of entanglement is left at the end of the protocol.
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It turns out that at the end of the local marking strategy described in Theorem
4 3-ebit of entanglement (on average) remains between Alice and Bob. However,
the optimality of the protocol in terms of retaining entanglement remains an
open problem.

3.10 Locally unmarkable set of states
So far we have considered sets that are locally markable. Our next result provides
an example of a set of mutually orthogonal states that cannot be marked perfectly
under LOCC. This set of states thus exhibits a form of nonlocality that is even
stronger than local indistinguishability.

Proposition 1. The two qubit Bell basis B4 ≡ {|b1⟩ := |φ+⟩ , |b2⟩ := |φ−⟩ , |b3⟩ :=
|ψ+⟩ , |b4⟩
:= |ψ−⟩} ⊂ C2 ⊗C2 is locally unmarkable.

Proof. LSM of B4 is equivalent to LSD of the set BP[{4}] that contains 24 pair-
wise orthogonal maximally entangled states in C16 ⊗C16. Therefore, the desired
thesis follows from the fact that n pairwise orthogonal maximally entangled
states in Cd ⊗Cd cannot be perfectly distinguished locally whenever n > d, as
discussed in Theorem 2.

Furthermore, in accordance with Lemma 1, the set B4 does not allow perfect 2-
LSM and it also straightforwardly follows that perfect 3-LSM of B4 is impossible
(in fact, for any set S , (|S |−1)-LSM always implies |S |-LSM). A generalization
of Proposition 1 follows arguably.

Proposition 2. Consider any set of maximally entangled states

BK(d) :=
{
|bi⟩ | ⟨bi|b j⟩= δi j

}K
i=1 ⊂ Cd ⊗Cd (3.4)

The set is locally unmarkable whenever K! > dK.

3.11 Entanglement assisted marking of states
We now move on to the possibility of entanglement-assisted marking of states
that otherwise are locally unmarkable. It might happen that given δ -ebit of
entanglement some LSM task can be performed exactly which is otherwise
impossible to do locally, and moreover ε-ebit of entanglement is left at the end of
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the protocol. Such a protocol we will call (δ ,ε) entanglement catalytic protocol
and (δ − ε) quantifies the amount of entanglement consumed to accomplish the
given LSM task.

Recall that given 1-ebit of entanglement as an additional resource, the two-
qubit Bell basis can be distinguished perfectly. One of the parties teleports
his/her part of the unknown Bell state to the other party who then performs
the Bell basis measurement to identify the state. Furthermore, it is known that
1-ebit entanglement is the necessary resource required for perfect discrimination
of the 2-qubit Bell basis [176]. Coming to the question of entanglement-assisted
marking of the set B4, we obtain the following result.

Proposition 3. There exists a (2,1) entanglement catalytic perfect protocol for
LSM of the set B4.

Proof. LSM of the set B4 is equivalent to LSD of the set BP[{4}] containing states
of the form |bp⟩⊗ |bq⟩⊗ |br⟩⊗ |bs⟩ with p,q,r,s ∈ {1, · · · ,4} & p,q,r,s are distinct.
Let some supplier provide two EPR states for discriminating the set BP[{4}].
Using the teleportation protocol Alice and Bob can know any of the two indices
among p,q,r,s. Say they identify the indices p and q. Then the value of r has
only two possibilities and the result of Walgate et al. ensures that this value
can be known exactly under LOCC [175]. While determining the value of r,
the entanglement of the state |br⟩ gets destroyed. However, at the end of the
mentioned protocol, entanglement of the state |bs⟩ remains intact and its identity
is also known. Therefore, 1-ebit of entanglement can be returned back to the
supplier. So the protocol consumes 1-ebit of entanglement in catalytic sense.

Once again we are not sure about optimality of the protocol in Proposition 3
in terms of resource consumption, and leave the question open here for further
research. One can obtain a more exotic example of entanglement catalytic local
marking phenomenon. To this aim we first prove the following result.

Proposition 4. Any three Bell states of the two-qubit system is unmarkable
under one-way LOCC.

Proof. Consider a set of maximally entangled states {|φk⟩}n
k=1 ⊂ Cd ⊗Cd that can

be obtained from |φ0(d)⟩ := 1√
d ∑

d−1
i=0 |ii⟩ by applying some unitary on one part of

the system, i.e., |φk⟩ = (Uk ⊗ I) |φ0(d)⟩. According to a criterion, conjectured in
[178] and subsequently derived in [184], the states can be discriminated under
one-way LOCC if and only if there exists a |ψ⟩ ∈Cd, such that ⟨ψi|ψ j⟩= δi j,∀i, j ∈
{1,2, · · · ,n}, where |ψk⟩ =Uk |ψ⟩. In our case, without loss of any generality we
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can consider B3 ≡ {|b1⟩ := |φ+⟩ , |b2⟩ := |φ−⟩ , |b3⟩ = |ψ+⟩}, such that BP[{3}] ≡
{|φk⟩}6

k=1 ⊂ C8 ⊗C8, where

|b1b2b3⟩ := |φ1⟩= (U1 ⊗ I8) |φ0(8)⟩= ([I2 ⊗σz ⊗σx]⊗ I8) |φ0(8)⟩ ,

|b1b3b2⟩ := |φ2⟩= (U2 ⊗ I8) |φ0(8)⟩= ([I2 ⊗σx ⊗σz]⊗ I8) |φ0(8)⟩ ,

|b2b3b1⟩ := |φ3⟩= (U3 ⊗ I8) |φ0(8)⟩= ([σz ⊗σx ⊗ I2]⊗ I8) |φ0(8)⟩ ,

|b2b1b3⟩ := |φ4⟩= (U4 ⊗ I8) |φ0(8)⟩= ([σz ⊗ I2 ⊗σx]⊗ I8) |φ0(8)⟩ ,

|b3b1b2⟩ := |φ5⟩= (U5 ⊗ I8) |φ0(8)⟩= ([σx ⊗ I2 ⊗σz]⊗ I8) |φ0(8)⟩ ,

|b3b2b1⟩ := |φ6⟩= (U6 ⊗ I8) |φ0(8)⟩= ([σx ⊗σz ⊗ I2]⊗ I8) |φ0(8)⟩ .

Here |φ0(8)⟩ := |φ+⟩⊗3 ∈ C8 ⊗C8. Now, consider an arbitrary quantum state
|χ⟩ := ∑

7
i=0 ai |i⟩ ∈ C8, where ai ∈ C & ∑

7
i=0 |ai|2 = 1. Thus the condition for distin-

guishability of the set BP[{3}] under one-way LOCC turns out to be ⟨ψi|ψ j⟩= δi j,
where |ψk⟩ := Uk |χ⟩. It boils down to a numerical exercise to show that the
aforesaid condition is not satisfied for any |χ⟩ ∈ C8.

While Proposition 4 proves impossibility of LSM of the set B3 under one-way
LOCC, we have the following stronger result if we consider 2-LSM of the set.

Corollary 3. Perfect 2-LSM of the set B3 is not possible even under two-way
LOCC protocol.

The proof follows from the fact that 6 pairwise maximally entangled states
in (C4)⊗2 are not locally distinguishable ( using Theorem 2). Moving on to the
question of entanglement-assisted discrimination of the set B3, it has been estab-
lished that perfect discrimination requires 1-ebit entanglement [185]. Regarding
entanglement-assisted marking of B3 we have the following result.

Proposition 5. There exists a (1,1) entanglement catalytic protocol for perfect
LSM of the set B3.

Proof. Let Alice and Bob have 1-ebit entanglement (received from some supplier)
to distinguish the state |bp⟩⊗|bq⟩⊗|br⟩, where p,q,r ∈ {1,2,3} & p,q,r are distinct.
Using the teleportation scheme they can identify one of the indices (say) p. Then,
using the method of Walgate et al. [175], they identify the remaining two indices.
At the end of this protocol 1-ebit entanglement remains with Alice and Bob which
they can return to the supplier. So, in a catalytic sense, the protocol consumes
0-ebit of entanglement.

Note that the protocol in Proposition 5 involves two-way CC. If the teleporta-
tion step is from Alice to Bob and thus requires CC from Alice to Bob, then the
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Walgate step requires CC from Bob to Alice. The question remains open whether
there exists some local protocol with two-way CC that perfectly marks the set
B3 without involving entanglement even in the catalytic sense.

3.12 An information theoretic task
To further highlight the implication of the results from the previous section, a
few comments are in order. Although both the problems of LSM and LSD stem
from a common notion of state identification, the present work strives to point
out a subtle difference between them. To elaborate on this difference one can
consider the following three-party information-theoretic task.

Let us suppose three parties Alice, Bob and Charlie are spatially separated.
Charlie shares quantum transmission lines with both Alice and Bob, but Alice
and Bob are restricted to classical communication between themselves only.
Charlie would like to communicate a classical message to both Alice and Bob.
But to do that he is provided with an ensemble of n orthogonal bi-partite states of
local dimension d which are not locally distinguishable. A justification for commu-
nicating in this way is to avoid the message being decoded by non-communicating
eavesdroppers between Charlie-Alice and Charlie-Bob.

Now Charlie can provide Alice and Bob multiple copies of the unknown state
from the ensemble, so that they can perform perfect LSD. Let us suppose k copies
are necessary for perfect LSD. Thus Charlie could communicate to Alice and Bob
log n bits by sending k qudits, i.e. log n

k bits per qudit.
Alternatively Charlie can provide Alice and Bob states from the ensemble

corresponding to LSM task, i.e. an ensemble of size log n!. The possibility of
perfect LSM of this ensemble under LOCC will result in a communication of
log n! bits by sending n qudits, i.e. log n!

n bits per qudit.
To compare the average communication per qudit, let us consider the ensem-

ble in Theorem 4. The ensemble X4 of 4 orthogonal states with local dimension
4 is given to Charlie. This ensemble does not allow perfect LSD (according
to Theorem 4) but 2 copies of the unknown state is sufficient for perfect LSD.
So the average communication per ququad is log 4

2 = 1 bit. On the other hand,
perfect LSM of this ensemble (as in Theorem 2) implies average communication
per ququad to be log 4!

4 = log 24
4 = 3+log 3

4 bits which is greater than the average
communication for the protocol based on multi-copy LSD. In this sense, LSM is
more economical than the conventional multi-copy LSD.
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3.13 Concluding Remarks
In summary, we have proposed a class of novel discrimination tasks, namely
the m-LSM task, that goes beyond the much-explored task of local state discrim-
ination. The present study unravels several curious and intricate features of
the proposed task. For example, Proposition 4 is interesting from a different
perspective. It is known that any set of d+1 mutually orthogonal d⊗d maximally
entangled states is locally indistinguishable [181]. But the answer to the same
question for smaller sets (< d +1) is known only in a few cases [186]. Although
the result of Walgate et al. ensures local distinguishability of any two maximally
entangled states in 2⊗2 and later Nathanson proved that any three mutually
orthogonal 3⊗3 maximally entangled states are locally distinguishable [187],
the authors in [178, 183, 188] provide examples of 4 maximally entangled states
in 4⊗4 that are not local distinguishable. In Ref.[184] one can find an example
of 4 maximally entangled states in 5⊗5 as well as an example of 5 maximally
entangled states in 6⊗6 that cannot be perfectly distinguished under one-way
LOCC. In a similar spirit, the set BP[{3}] constitutes an example of 6 maximally
entangled states in 8⊗8 that cannot be distinguished under one-way LOCC.

Lemma 1, Corollary 1-2, and Theorem 3-4 unveil some general features of lo-
cal state marking task and Proposition 1-5 report some interesting consequences
by considering specific set of states.
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Chapter 4

Local Quantum Theory:
Different Composition Models

4.1 The fourth Postulate of Quantum mechanics
The tensor product postulate of quantum mechanics also cited as the ‘zeroth’
axiom in literature [189], describes the Hilbert space of the joint system to be
the tensor product of each of the subsystem’s Hilbert spaces [190–192]. A recent
study, however, logically derives this postulate from the state postulate and
the measurement postulate rather than taking it as an independent one [120].
Nevertheless, within this tensor product structure, the unentangled Gleason’s
theorem assigns state spaces for the composite systems that include density
operators (the quantum states) as a proper subset [42–44]. In fact, assuming
individual systems’ description to be quantum, several mathematical models are
possible for the composite state and effect spaces that yield consistent outcome
probability. Exploring these broader class of theories helps us to compare and
contrast the information processing capabilities of quantum theory with other
theories and gain new insights about the origin of such capabilities.

The framework of generalized probability theory (GPT) [27–31, 37] is well-
suited to study these different composite models. We have discussed this ex-
tensively in Chapter 2, Section 2.3. Physical constraints, such as no-signaling
and local tomography, limit the composite state spaces to be constrained within
two extremes [38–41]– the minimal tensor product composition containing only
separable states and the maximal tensor product composition containing be-
yond quantum states that are positive on product tests (POPT) and compatible
with unentangled Gleason’s theorem. The corresponding effect spaces are speci-
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Local Quantum Theory: Different Composition Models

fied in accordance with the ‘no-restriction’ hypothesis [45] that includes all the
mathematicall consistent effects in the theory.

A natural question is whether these different composite models can lead to
stronger than quantum correlations that will in turn make them distinct from
quantum state space and put an embargo on their physical existence. In this
work, we ask and answer how the information processing capabilites of compos-
ite systems change when one uses different mathematical structures to describe
composition. For the bipartite case a negative response comes through the work
of Barnum et al. [47] which states that no such composition can produce any
beyond quantum spacelike correlations in Bell type experimental scenario. While
maximal composition involving more than two subsystems can yield stronger
than quantum correlation in typical Bell scenario as shown by Acín et al. [193],
recently in Ref. [194] it has been shown that even in bipartite case stronger than
quantum correlations are possible if the typical classical input-classical output
Bell scenario is generalized to quantum input-classical output semi-quantum
scenario [195]. Although this quantum input scenario disallows all the com-
positions having beyond entangled states it requires trustworthy verifiers in
producing some predetermined unentangled quantum inputs [194].

In a completely different approach, one of our recent works [196] demon-
strated that bipartite minimal composition can yield correlations stronger than
those allowed by quantum theory in a timelike scenario. Specifically, we showed
that a communication game played between two timelike-separated players—a
sender and a receiver in the sender’s causal future—cannot be won perfectly
using two elementary quantum systems (qubits) if the standard quantum com-
posite state space is assumed. However, if the composition is instead taken
to be the minimal one, the game becomes perfectly winnable. While minimal
composition, which consists only of separable states, does not produce nonlocal
correlations in a Bell-like scenario, the presence of beyond-quantum effects in
this framework leads to beyond-quantum correlations in a timelike setting. This
result may suggest that such effects are necessary to obtain beyond-quantum
timelike correlations. However, in this chapter—based on our work [77]—we
show that this intuition is, in fact, incorrect.

We organize the chapter as follows: in Section 4.2, we discuss the various
notions of dimension in a theory. Then in Section 4.3, we briefly discuss the
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results of Barnum et al. and Acín et al. [47, 193] for the bipartite case. In
Section 4.4, we show that maximal composition that allows only product effects
but permits beyond quantum states can also yield beyond quantum correlations
in timelike scenarios. Thus, while Barnum et al. result [47] shows that spacelike
correlations are no good for establishing the beyond quantum nature of the
bipartite maximal composition, our result establishes that timelike correlations
do serve the purpose here. In Section 4.5, we discuss the underlying cause for the
difference in the communication utilities of the two theories. We proceed to prove
a no-go that although the maximal composition allows beyond quantum timelike
correlations, the classical information carrying capacity of such models cannot
be more than the corresponding quantum composite systems. In fact, we prove a
generic result regarding the information capacity of composite systems in the
GPT framework. Then in Section 4.6, we show that this gap can be increased
further by considering more number of elementary systems. Finally in Section
4.7, we conclude this chapter.

4.2 Operational notions of dimension
The dimension of the vector space V in which the set ΩS is embedded is a well-
defined concept, but it does not carry any operational signature. However, the
operationally motivated notion of dimension can be defined through the concept
of state distinguishability. For the purpose of our work, in the following, we
recall a few relevant definitions [197].

Definition 2 (Perfect distinguishability). Two states ω1,ω2 ∈ ΩS are perfectly
distinguishable whenever there exists some measurement M = {e1,e2 ∈ ES | e1 +

e2 = u} such that ei(ω j) = δi j.

For instance, two quantum states |ψ⟩ , |φ⟩ ∈Cd are perfectly distinguishable if
and only if they are orthogonal, a fact which follows from the seminal no-cloning
theorem [6]. On the other hand, in discrete classical probability theory the state
spaces are simplices and any two extreme points are perfectly distinguishable
[198].

Definition 3 (Operational Dimension). Operational dimension O(S) of a system
S is the maximum cardinality of the set of states Ωn := {ω1, · · · ,ωn} ⊂ ΩS such that
all the states in Ωn are perfectly distinguishable in a single measurement.

For instance O(Cd) = d although the the dimension of the vector space in
which D(Cd) is embedded is d2−1. Operational dimension of a system quantifies
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its classical information carrying capacity [27, 199] (see also [200, 201]), i.e.
sending a system with operational dimension O(S) through a noiseless channel
a sender can sends log2O(S)-bits of classical information to a receiver.

Definition 4 (Information Dimension). The information dimension I(S) of a
system S is the maximum cardinality of the set of states Ωn := {ω1, · · · ,ωn} ⊂ ΩS

such that all the states in Ωn are pairwise perfectly distinguishable.

Note that while defining O(S) a single measurement is allowed to distin-
guish the states in the set Ωn. On the other hand, I(S) deals with the pairwise
distinguishability and for different pairs of states {ωi,ω j} in Ωn, different mea-
surements Mi j can be performed to distinguish the pairs. Therefore, it clearly
follows that I(⋆)≥O(⋆) for an arbitrary GPT system, and accordingly one can
define a quantity called dimension mismatch, ∆(⋆) := I(⋆)−O(⋆). For classical
and quantum systems it follows from simple arguments that both theses dimen-
sions are equal. However, as shown in [197], for the hypothetical toy model of
Box world (□) the information dimension is strictly greater than the operational
dimension. While I(□) = 4, one has that O(□) = 2.

4.3 POPT states and Bell correlations
As already mentioned, the state space of maximal composition strictly contains
the quantum state space, i.e., D(CdA ⊗CdB) ⊂ ΩSEP(C

dA,CdB). In particular, an
entanglement witness operator W /∈ D(CdA ⊗CdB), whereas W ∈ ΩSEP(C

dA,CdB).
Although the state space of SEP theory is bigger than the quantum state space,
the ‘nonlocal strength’ of the bipartite system SAB

SEP
is no more than SAB

Q . This
follows from a generic result by Barnum et al. [47], where it is proved that any no-
signaling bipartite input-output probability distribution P(ab|xy) obtained from
SAB

SEP
can also be obtained from SAB

Q ; here a and b denote Alice’s and Bob’s output
corresponding to their respective inputs x and y. For a state W ∈ ΩSEP(C

dA,CdB)

the correlation P(ab|xy) is obtained as

P(ab|xy) = Tr[W (πa
x ⊗π

b
y )],

π
a
x ∈ P(CdA), ∑

a
π

a
x = 1dA & π

b
y ∈ P(CdB), ∑

b
π

b
y = 1dB.

As pointed out in [193], the result of Barnum et al. can be seen as follows. Accord-
ing to Choi–Jamiołkowski (CJ) isomorphism [202, 203], any W ∈ ΩSEP(C

dA,CdB)\
D(CdA ⊗CdB) can be written as [I ⊗Λ](φ+), where Λ is a positive map, I is
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the identity map, and φ+ is the projector on maximally entangled state. Fur-
thermore, any such witness can also be written as [I ⊗Λt p](ψ), where Λt p is
positive and trace-preserving and ψ is a projector onto a pure bipartite state
[204]. Therefore, we have

P(ab|xy) = Tr[W (πa
x ⊗π

b
y )] = Tr[[I ⊗Λt p](ψ)(πa

x ⊗π
b
y )]

= Tr[ψ(πa
x ⊗Λ

⋆
t p[π

b
y ])] = Tr[ψ(πa

x ⊗ π̃
b
y )].

Here Λ⋆ is the adjoint map of Λ, and since the adjoint of a positive trace-
preserving map is positive and unital, {π̃b

y := Λ⋆
t p[π

b
y ]}b forms a valid quantum

measurement.

4.4 Revelation of beyond quantum correlation
We will now proceed to show that the system SAB

SEP
can yield stronger than

quantum correlation in the timelike domain. At this point, we would like to
mention that the study of stronger than timelike correlation has been introduced
in a recent paper by Dall’Arno et al. where the authors have proposed an
interesting principle called No-Hypersignaling [35]. However, we will follow a bit
different approach as studied in [196] and recall below a communication game
introduced there.

4.4.1 Pairwise distinguishability game P
[n]
D

The game involves two players (Alice and Bob) and a Referee. In each run of
the game, the Referee provides a classical message η to Alice, randomly chosen
from some set of messages N , where |N | := n. In the same run Bob is asked a
question Q(η ,η ′) – whether the message given to Alice is η or η ′, where η ′ ̸= η .
The winning condition demands Bob answer all questions correctly. Alice can
help Bob by sending some information about the message she received. It is
not hard to see that perfect winning demands Alice to encode the message on
the states of some physical system that are pairwise distinguishable. With this
game, we are now in a position to prove one of our main results.

4.4.2 Bipartite SEP composition vs Quantum

Theorem 5. The game P
[8]
D cannot be won if Alice uses the system [C2,C2,

⊗
Q]

to encode her message whereas [C2,C2,
⊗

SEP] system yields a perfect winning
strategy.
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FIG. 4.1 The unitaries required to construct the measurement M [U ⊗V ] for pairwise
distinguishability of the states in $[8] are given. The states in the horizontal
upper (lower) diagonal can be distinguished from the states in the vertical
upper (lower) diagonal using the corresponding unitaries. For instance, the
measurement to distinguish the pair {Ψ+,Ψ−} as well as the pair {Ψ+,Ψ−} is
given by the entry in the third row and fourth column, i.e., M [Ay⊗Ay], whereas
the pair {Ψ+,Ψ+} is distinguished by the measurement given in seventh row,
third column, i.e., M [Ax ⊗Ax]. NA means that a state cannot be distinguished
from itself.
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Proof. Perfect winning of the game P
[n]
D requires Alice to communicate to Bob a

physical system which has information dimension at least n. For the two-qubit
system [C2,C2,

⊗
Q], the information dimension is the same as its operational

dimension which is 4, and therefore, P
[8]
D game cannot be won perfectly by

communicating two qubits.
We now provide an explicit strategy to win the game P

[8]
D using the system

[C2,C2,
⊗

SEP]. Let Alice use the set $[8] ≡
{

Φ±,Ψ±,Φ±,Ψ±
}
⊂ ΩSEP(C

2,C2) of
eight different states to encode her messages; where χ := |χ⟩⟨χ|, |Φ±⟩ := (|00⟩±
|11⟩)/

√
2, |Ψ±⟩ := (|01⟩±|10⟩)/

√
2, and χ :=I ⊗T(χ) with I denoting the identity

map and T denoting the transposition map (in the computational basis). It
remains to be shown that the states in $[8] are pairwise distinguishable with
measurements constituted by the effects from the set ESEP(C

2,C2).
Consider the pair of states Φ+ and Ψ+, and the measurement

M ≡


Eeven := |0⟩⟨0|⊗ |0⟩⟨0|+ |1⟩⟨1|⊗ |1⟩⟨1| ,

Eodd = 1−Eeven := |0⟩⟨0|⊗ |1⟩⟨1|

+ |1⟩⟨1|⊗ |0⟩⟨0| .

Clearly, M is a valid measurement on the system [C2,C2,
⊗

SEP] as Eodd,Eeven ∈
ESEP(C

2,C2), where Eeven is the projector of even number of up spin and Eodd is
the projector of odd number of up spin. A straightforward calculation yields

Tr(Φ+Eodd) = 1, Tr(Φ+Eeven) = 0;

Tr(Ψ+Eodd) = 0, Tr(Ψ+Eeven) = 1.

Therefore, the measurement M perfectly distinguishes the states Φ+ and Ψ+. To
show the same for any pair of states in $[8], let us denote as M [U ⊗V ] the mea-
surement obtained from M through the unitary rotation U ⊗V , i.e. M [U ⊗V ] :=
{U ⊗V EoddU† ⊗V †,U ⊗V EevenU† ⊗V †}. As shown in Table 4.1, choosing U and V

appropriately from the set

{
1 :=

(
1 0
0 1

)
,Ax := 1√

2

(
1 −i
−i 1

)
,Ay := 1√

2

(
1 −1
1 1

)}
any pair of states in $[8] can be distinguished perfectly by the measurement
M [U ⊗V ] . This completes the proof.
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4.5 Dimension mismatch in SEP composition
Theorem 5 thus establishes that SEP composition of two elementary qubits can
result in a correlation that can’t be achieved with two qubits quantum compo-
sition. As an immediate corollary, we have a lower bound on the information
dimension of the system [C2,C2,

⊗
SEP].

Corollary 4. The information dimension of the system [C2,C2,
⊗

SEP] is at least
8, i.e. I[C2,C2,

⊗
SEP]≥ 8.

At present we do not know whether the above bound is tight and leave this
question open for future research. Rather, we proceed to find the operational
dimension of the systems obtained through the SEP composition. To this aim,
we first prove the following proposition.

Proposition 6. Every POPT state WAB ∈ ΩSEP(C
dA,CdB) can be written as (IA ⊗

ΛR→B)(ρAR) where Λ is a positive, unital map and ρAR ∈ CdA ⊗CdR is a pure quan-
tum state independent of WAB.

Proof. We start by defining the following:1

W ′
AB :=WAB +1A ⊗P⊥

B ; P⊥
B := 1B −PB;

PB := Projector onto the support of WB;

WB := TrA (WAB) ; W ′
B := TrA

(
W ′

AB
)
.

W ′
AB is a POPT state (unnormalized) as for any separable effect πA ⊗πB we have,

Tr [(W ′
AB)(πA ⊗πB)] = Tr [(WAB)(πA ⊗πB)] +Tr(πA)Tr(P⊥

B πB) ≥ 0. Thus, W ′
B is a full

rank positive operator, and hence we can define:

W ′′
AB :=

[
1A ⊗

(
W ′

B
)−1/2

]
W ′

AB

[
1A ⊗

(
W ′

B
)−1/2

]
,

(W ′
B)

−1/2, being a positive operator, implies that W ′′
AB is a POPT: Tr [(W ′′

AB)(πA ⊗πB)]=

Tr
[
W ′

AB

(
πA ⊗ (W ′

B)
−1/2

πB (W ′
B)

−1/2
)]

≥ 0.

Further, TrA (W ′′
AB) = ∑i (W ′

B)
−1/2 ⟨i|AW ′

AB |i⟩A (W
′
B)

−1/2 = (W ′
B)

−1/2W ′
B (W

′
B)

−1/2 =

1B.
Using CJ isomorphism we can write W ′′

AB = IA ⊗US→B(|χ+⟩AS ⟨χ+|), where
|χ+⟩AB := ∑i |i⟩A |i⟩B is the unnormalized maximally entangled state and US→B

1The techniques used in the proof are motivated from [204].
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is a positive map. More explicitly, the action of US→B is given by, US→B(MS) =

TrS [(MT
S ⊗1B)(W ′′

SB)]. US→B is unital, since US→B(1S) = TrS(W ′′
SB) = 1B. Furthermore,

it is easy to check that WAB = (1A ⊗V †
B )W

′′
AB(1A ⊗VB), where VB := (W ′

B)
1/2 PB.

Let us now define a new completely positive, unital map

YBC→B(MBC) :=V †
B ⟨0|C M |0⟩C VB +V

′†
B ⟨1|C M |1⟩C V

′
B ,

where V
′
B is chosed so that it satisfies the condition V †

BVB+V
′†
B V

′
B = 1B and HC :=C2.

The above map is the adjoint of the completely positive, trace-preserving map
having the Kraus operators {VB ⊗|0⟩C ,V

′
B ⊗|1⟩C}; and it has the property,

IA ⊗YBC→B(MAB ⊗|0⟩C ⟨0|)
= (1A ⊗V †

B )MAB(1A ⊗VB).

This further leads us to,

WAB =
(

1A ⊗V †
B

)
W ′′

AB (1A ⊗VB)

= IA ⊗YBC→B
(
W ′′

AB ⊗|0⟩C ⟨0|
)

= IA ⊗YBC→B
[
(IA ⊗US→B)

(
|χ+⟩AS ⟨χ

+|
)
⊗|0⟩C ⟨0|

]
= (IA ⊗YBC→B)◦ (IA ⊗US→B ⊗IC)

[
|χ+⟩AS ⟨χ

+|⊗ |0⟩C ⟨0|
]

= IA ⊗
(
YBC→B ◦U ′

SC→BC
)[
|χ+⟩AS ⟨χ

+|⊗ |0⟩C ⟨0|
]
,

where U ′
SC→BC := US→B ⊗IC. Let dS := dim(HS), ΛSC→B := 1

dS
YBC→B ◦U ′

SC→BC,
|ψ⟩ASC := 1√

dS
|χ+⟩AS |0⟩C, and HR := HS ⊗HC. Thus we have,

WAB = (IA ⊗ΛR→B)(|ψ⟩AR ⟨ψ|),

where ΛR→B is the composition of a completely positive unital map and a positive
unital map; and therefore it is positive and unital. This completes the proof.

We are now in a position to prove another important result of this work.
The classical information carrying capacity of bipartite systems allowing max-
imal tensor product composition equals the classical capacity of the quantum
composition.

Theorem 6. The Operational Dimension of the system [CdA,CdB,
⊗

SEP] is dAdB.
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Proof. The proof is similar in spirit to Lemma 24 of Ref.[200]. However, while
the assumption of ‘transitivity’ is used there, here we use the Proposition 6.

Let the Operational dimension of the system [CdA,CdB,
⊗

SEP] be N. N must
be lower bounded by d := dAdB, as there exists d number of quantum states that
can be perfectly distinguished by a single separable measurement. For instance,
the set of pure states {|i j⟩ | i = 1, · · ·dA & j = 1, · · ·dB} can be distinguished by
the separable measurement {|i⟩⟨i|⊗ | j⟩⟨ j|}dA,dB

i, j=1 . As we have considered the opera-
tional dimension of the system [CdA ,CdB,

⊗
SEP] to be N, there must exist N POPT

states {W1, · · · ,WN} and a separable measurement {E1, · · · ,EN | ∑
N
i=1 Ei = 1AB} such

that Tr(EiWj) = δi j ; ∀i, j. According to Proposition 6, ∀ j, Wj = (I ⊗Λ j)(ρ) for
some positive, unital map Λ j : L (HR)→ L (HB) and pure state ρ ∈ L (HA ⊗HR).
Denoting the projector on the orthogonal support of ρ as P := 1AR −ρ, we have

d = Tr(1AB) =
N

∑
i=1

Tr(Ei) =
N

∑
i=1

Tr[Ei(I ⊗Λi)(1AR)]

=
N

∑
i=1

Tr[Ei(I ⊗Λi)(ρ +P)]

=
N

∑
i=1

Tr[Ei(I ⊗Λi)(ρ)]+
N

∑
i=1

Tr[Ei(I ⊗Λi)(P)]

=
N

∑
i=1

Tr[EiWi]+
N

∑
i=1

Tr[(I ⊗Λ
∗
i )(Ei)P],

where Λ∗
i is the adjoint map of Λi and hence positive. Furthermore, (⊮⊗Λ∗

i )(Ei)

are positive operators since Ei’s are separable. Therefore we have,

d ≥
N

∑
i=1

Tr[EiWi] =
N

∑
i=1

δii = N.

Since we know that N ≥ d, therefore we conclude N = d. This completes the
proof.

While in Theorem 5 we have shown that the SEP composition of two el-
ementary qubits can yield stronger timelike correlation than their quantum
composition (i.e., two-qubit), Theorem 6 establishes that such a composition is
not strong enough to show super-additive feature of the information carrying
capacity as the Information carrying capacity of a composition of two elementary
systems with operational dimensions dA and dB, respectively will exhibit super-
additive feature whenever its operational dimension N > dAdB, which accordingly
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results in logN > logdA+ logdB.. In this regard, a more generic result is presented
in the next proposition.

Proposition 7. The operational dimension of any bipartite composition (with
normalized state space denoted as ΩAB) of two elementary quantum systems CdA

and CdB is dAdB if (1AB−WAB) lies within the unnormalized state cone ∀ WAB ∈ ΩAB.

Proof. Let N be the operational dimension of the composite system. Then, there
must exist a set containing N states {W1, · · · ,WN} and measurement {E1, · · · ,EN |
∑

N
i=1 Ei = 1AB} such that Tr(EiWj) = δi j, ∀ i, j. Manifestly it follows that N ≥ d :=

dAdB, since ΩSEP ⊆ ΩAB ⊆ ΩSEP and ESEP ⊆ EAB ⊆ ESEP. As argued in the proof
of Theorem 6, there always exists dAdB number of product states that can be
perfectly distinguished by a separable measurement. On the other hand,

N

∑
i=1

Tr(Ei(1−Wi)) =
N

∑
i=1

Tr(Ei)−
N

∑
i=1

Tr(EiWi)

= d −
N

∑
i=1

δii = d −N.

Since (1AB −WAB) is an unnormalised state by assumption, d −N ≥ 0 or d ≥ N,
which completes the proof.

While Proposition 7 assumes elementary systems to be quantum it can how-
ever be further generalized within the GPT framework.

Proposition 8. Let SAB ≡ (ΩAB,EAB) be a composite systems consisting two ele-
mentary systems SA ≡ (ΩA,EA) and SB ≡ (ΩB,EB) with operational dimensions
NA and NB respectively. The operational dimension of SAB is NANB if ∃ ω ′

AB ∈ ΩAB

such that (NANBω ′
AB −ωAB) is an unnormalized state ∀ ωAB ∈ ΩAB.

Proof. The operational dimension NAB of the composite system SAB is always
greater than the product of the operational dimension of the elementary systems,
i.e., NAB ≥ NANB. This simply follows from the fact that any valid composition
includes the product states and product effects in its description. Now we have,

NAB

∑
i=1

ei(NANBω
′−ωi) = NANB

NAB

∑
i=1

ei(ω
′)−

NAB

∑
i=1

ei(ωi)

= NANBu(ω ′)−
NAB

∑
i=1

δii = NANB −NAB ≥ 0,
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since by assumption, (NANBω ′−ωi) is an unnormalised state ∀ ωi. Therefore,
NAB ≤ NANB, which completes the proof.

Form Theorem 5 and Theorem 6 we can conclude that ∆[C2,C2,
⊗

SEP] ≥ 4,
where ∆ refers to the dimension mismatch of the theory. On the other hand,
we can also conclude that the gap between the information dimensions of the
systems [C2,C2,

⊗
SEP] and [C2,C2,

⊗
Q] is at least 4, i.e.,

I
[
C2,C2,⊗SEP

]
− I
[
C2,C2,⊗Q

]
≥ 4.

4.6 Increase in gap: the tripartite composition
Our next result shows that this gap can be increased further by considering
more number of elementary systems.

Theorem 7. The Information Dimension of the system [C2,C2,C2,
⊗

SEP] is at
least 24.

Proof. The proof is constructive and similar to the proof of Theorem 5. Consider
the set of following 24 states

$[24] :=
{

χ,χ,χ
}
⊂ ΩSEP[C

2,C2,C2];

χ := I ⊗T⊗I (χ);

χ := I ⊗T⊗T(χ);

|χ⟩ ∈

{
|Φ±

000⟩ :=
1√
2
(|000⟩± |111⟩),

|Φ±
001⟩ :=

1√
2
(|001⟩± |110⟩),

|Φ±
010⟩ :=

1√
2
(|010⟩± |101⟩),

|Φ±
011⟩ :=

1√
2
(|011⟩± |100⟩)

}
.
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We aim to show that the states in $[24] are pairwise distinguishable by fully
separable measurements of the form

M ≡



Eodd := |m⟩⟨m|⊗ |n⟩⟨n|⊗ |p⟩⟨p|

+ |m⟩⟨m|⊗ |n⊥⟩⟨n⊥|⊗ |p⊥⟩⟨p⊥|

+ |m⊥⟩⟨m⊥|⊗ |n⟩⟨n|⊗ |p⊥⟩⟨p⊥|

+ |m⊥⟩⟨m⊥|⊗ |n⊥⟩⟨n⊥|⊗ |p⟩⟨p| ,

Eeven = 1−Eodd

:= |m⟩⟨m|⊗ |n⟩⟨n|⊗ |p⊥⟩⟨p⊥|

+ |m⟩⟨m|⊗ |n⊥⟩⟨n⊥|⊗ |p⟩⟨p|

+ |m⊥⟩⟨m⊥|⊗ |n⟩⟨n|⊗ |p⟩⟨p|

+ |m⊥⟩⟨m⊥|⊗ |n⊥⟩⟨n⊥|⊗ |p⊥⟩⟨p⊥|

where |r⟩ , |r⊥⟩ are ‘up’ and ‘down’ eigenstates of spin measurement (r̂ ·σ ) along
the r̂ direction, for r̂ ∈ {m̂, n̂, p̂}. Eodd comprises of odd number of ‘up spin’ and
Eeven comprises of even number of ‘up spin’. Clearly M is a an allowed mea-
surement as Eodd,Eeven ∈ ESEP(C

2,C2,C2). The required m,n, and p to distinguish
between different pairs of states are given on the first column of Table 4.2. For in-
stance, the pair of states

{
Φ

+
000,Φ

−
000
}

can be perfectly distinguished by choosing
(m,n, p) = (y,y,x). The measurement M{Φ

+
000,Φ

−
000}

≡ {Eodd,Eeven} is given by,

Eodd := |y⟩⟨y|⊗ |y⟩⟨y|⊗ |x⟩⟨x|
+ |y⟩⟨y|⊗ |y⊥⟩⟨y⊥|⊗ |x⊥⟩⟨x⊥|
+ |y⊥⟩⟨y⊥|⊗ |y⟩⟨y|⊗ |x⊥⟩⟨x⊥|
+ |y⊥⟩⟨y⊥|⊗ |y⊥⟩⟨y⊥|⊗ |x⟩⟨x| ,

Eeven = 1−Eodd

:= |y⟩⟨y|⊗ |y⟩⟨y|⊗ |x⊥⟩⟨x⊥|
+ |y⟩⟨y|⊗ |y⊥⟩⟨y⊥|⊗ |x⟩⟨x|
+ |y⊥⟩⟨y⊥|⊗ |y⟩⟨y|⊗ |x⟩⟨x|
+ |y⊥⟩⟨y⊥|⊗ |y⊥⟩⟨y⊥|⊗ |x⊥⟩⟨x⊥| .
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A straightforward calculation yields

Tr(Φ−
000Eodd) = 1, Tr(Φ−

000Eeven) = 0;

Tr(Φ+
000Eodd) = 0, Tr(Φ+

000Eeven) = 1.

Therefore, the measurement M{Φ
+
000,Φ

−
000}

perfectly distinguishes the states Φ
−
000

and Φ
+
000. As we show in Table 4.2, any pair of states in $[24] can be distinguished

perfectly by such a measurement. This completes the proof.

Theorem 7 thus establishes that the P
[24]
D game can be won with three

elementary qubits if the SEP composition is considered among them, whereas if
we consider quantum composition five elementary qubits are required.
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4.6 Increase in gap: the tripartite composition

FIG. 4.2 Pairwise distinguishablity of the set $[24]. Using a particular separable mea-
surement given in the first column, any state on the odd no. ’up’ spin (second)
column can be distinguished from any state on the even no. ’up’ spin (third)
column. For instance, the pair {Φ

+
000,Φ

+
001} (last row) is perfectly distinguish-

able via the separable measurement consisting of POVM elements given by
M ≡ {Eodd ,Eeven}, where Eodd and Eeven are rank four projectors comprising odd
number of spin-up and even number of spin-up outcomes respectively for the
Pauli measurement (σZ,σY ,σZ)≡ (z,y,z).
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4.7 Concluding Remarks
The need to understand quantum mechanics results in investigating theories
other than itself which opens up a new avenue for research. Comparisons
among the information processing capabilities in the various theories lead to
newer insights about the underlying cause for such capabilities which led to
the motivation for this paper. While Barnum, et al. in [47] have shown that
in the space-like scenario, bipartite maximal tensor product structure of local
quantum systems cannot generate beyond quantum correlations, the authors
in [194] have shown that in a generalized Bell scenario every beyond quantum
state can produce beyond quantum correlations. In this work, we have used
a different approach wherein timelike scenarios are considered instead of the
traditional spacelike Bell scenarios. We have provided concrete results that can
be experimentally verified and used as principles to single out the quantum com-
position rule. While Corollary 4 and Theorem 6 establish that the phenomenon
of dimension mismatch occurs in SEP composition, it has been shown [201, 196]
that dimension mismatch occurs in SEP composition as well. A natural question
then is to ask what other compositions can be ruled out using dimension mis-
match. Another interesting direction to explore is by relaxing the assumption of
quantum sub-systems. Propositions 7 and 8 provide some preliminary results
in the GPT framework which may be useful in this regard. Our study forms an
important piece of the quantum reconstruction program in which we seek to
derive quantum theory from physical principles [27–29].
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Chapter 5

Distillation and Discrimination of
Post Classical Correlations

5.1 Motivation
One of the most celebrated non-classical aspects of quantum mechanics was pio-
neered by J. S. Bell in the year 1964 [84] (see also [85]). Bell’s theorem mandates
departure of quantum theory from the locally causal world view which subse-
quently has been confirmed in several milestone experiments led by Clauser,
Aspect, Zeilinger, and others [205–214]. Unlike other non-classical features,
such as entanglement and coherence, study of nonlocality can be conducted in a
device independent setting where only the input-output statistics of the device
matters and one does not need to know the inner design or working mechanisms
of the device [215]. Along with foundational implications, Bell nonlocality has
also been identified as the necessary resource for several important protocols
[216–221, 61, 222–226], which, thus, makes the question of refinement or dis-
tillation of this resource practically indispensable. The study of nonlocality
distillation has two major implications – (i) practical: where one aims to distill
nonlocal correlations observed in the quantum world which can be then applied
to make information flow networks efficient and secure, and (ii) foundational:
where the goal is to identify post-quantum correlations, which, in turn, helps to
understand the specialty of quantum theory among other possibilities allowed
within the framework of generalized probabilistic theories. Interestingly, in
Ref.[227], Forster et al. proposed a nonlocality distillation protocol that can
extract nonlocality in stronger form starting with many copies of weakly non-
local systems; this work has inspired several subsequent works consisting of
interesting results on nonlocality distillation [228–240, 74, 75].
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Distillation and Discrimination of Post Classical Correlations

The research conducted so far on nonlocality distillation is mainly focused
on distilling post quantum correlations [228–233, 235–240]. Only a few proto-
cols are known that successfully distill some quantum correlations [227, 240].
The difficulty arises due to the top-down approach considered in earlier works
where one starts with some parametric family of generic no-signaling (NS) cor-
relations, and after obtaining a successful distillation protocol the motive is
to check whether for some range of the parameter values the considered NS
correlations allow quantum realization or not. For the simplest bipartite case,
the well-known analytical criterion by Tsirelson-Landau-Masanes [241–243]
and the Navascues-Pironio-Acin (NPA) criterion [244], and in general case a
hierarchy of semi-definite programming conditions [245] can serve this purpose.
Only in some fortunate cases sophisticated choices of the parametric class of NS
correlations might lead to a desirable subset of quantum realizable correlations.
However, the approach has severe pitfalls when more input-output scenarios are
considered, as the recent mathematical breakthrough by W. Slofstra and the sub-
sequent results establish that the set of quantum correlations is not topologically
closed [246–248]. There are only a few results that report distillation of nonlocal
correlations within quantum setup [227, 240], albeit the nonlocal strength of the
distilled correlation is low. Therefore the aspects of analytical and quantitative
study for distillation of quantum nonlocal correlations remain open.

In this chapter, which is based on one of our works [78], we now propose
a generic framework for nonlocality distillation that overcomes limitations of
the thus far proposed protocols. In contrast to the previously reported results,
we intend to find out efficient distillation protocol(s) for quantum correlations.
To this aim we consider the bottom-up approach. Instead of generic NS signal-
ing correlations we start with weak nonlocal correlations which are quantum,
and then try to obtain a nonlocality distillation protocol. The set of quantum
correlations being closed under wirings [74, 75] assures the resulting distilled
correlations to be quantum. Interestingly, we identify a simple protocol and come
up with a generic approach that successfully distills nonlocality in a large class
of weakly nonlocal quantum correlations. Towards this goal, first, we consider a
variant of the nonlocality test proposed by Lucien Hardy [249], which we have
discussed extensively in Chapter 2, Section 2.2.4. Success probability in Hardy’s
test qualifies as a measure of nonlocality for Hardy’s correlations [250]. Given
two copies of a quantum Hardy correlation, we show that there exists a simple

72



5.1 Motivation

FIG. 5.1 Distillation of impure water

wiring that can distill Hardy nonlocality. We call this wiring logical OR-AND
protocol, where OR (∨) and AND (∧) functions on 2-bits z1,z2 are defined as
∨(z1,z2) = max{z1,z2} and ∧(z1,z2) = min{z1,z2}, respectively. The OR-AND proto-
col allows an immediate n-copy generalization (see Fig.5.2), which can provide a
substantial distillation of Hardy’s success with sufficiently large copies of initial
correlations.
The chapter is organized as follows: in Section 5.2 we start by showing that

the OR-AND protocol preserves the quantum Hardy structure and moreover
it can distill the nonlocal strength of Hardy correlations. Further, we show in
Section 5.3, that the OR-AND wiring when applied to a broader class of quantum
correlations yields an interesting result: an arbitrarily small violation of the
Clauser-Horne-Shimony-Holt (CHSH) [205] inequality can be amplified to a
significantly higher degree. Finally, by applying our protocol we demonstrate
in Section 5.4 that nonlocal correlations arbitrarily close to the extreme points
of the set of local correlations are always distilled, which, in turn, establishes
that set of distillable quantum as well as non-quantum correlations has non-zero
measure in the full eight dimensions of the correlation space. In Section 5.5, we
then move on to study the distillation of post-quantum correlations and show
that OR-AND protocol becomes efficient there too. In particular, we find correla-
tions whose post-quantum signature is established through OR-AND distillation,
while the known information principles, such as nontrivial communication com-
plexity [70] and information causality [251, 252], fail to serve the purpose. In
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Distillation and Discrimination of Post Classical Correlations

FIG. 5.2 Multi-copy OR-AND wiring. Given n-number of parent correlations
{PNS[i]}n

i=1 ⊂ NS, the OR-AND wiring produce a child correlation P(n)
NS ∈ NS. The

outcome a on Alice’s side for the child box is obtained as, a = a1 ∨ ·· · ∨ an =
max{a1, · · · ,an} for the input x1 = · · · = xn = x, where xi and ai are the in-
put and output of the ith parent. On the Bob’s side, y1 = · · · = yn = y and
b = b1 ∧·· ·∧bn = min{b1, · · · ,bn}.

the end, in Section 5.6, we conclude this chapter by discussing the novelty of
the approach followed here in comparison to the existing methods on nonlocality
distillation.

5.2 OR-AND wiring and the structure of quantum Hardy
correlations

Theorem 8. The OR-AND wiring preserves the structure of quantum Hardy cor-
relations and can efficiently distill the strength of success probability in Hardy’s
test of nonlocality.
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5.2 OR-AND wiring and the structure of quantum Hardy correlations

Proof. Within the considered CHSH symmetry [i.e., Eq.(2.8)], any NS correlation
can be represented as a convex mixture of the nonlocal vertex along with 8 local
vertices. A quantum Hardy correlation demands nonzero weights for exactly
5 different local vertices along with the nonlocal vertex [239]. This, in turn,
ensures that the correlation matrix has precisely 3 zero elements corresponding
to probabilities taking the value zero in Hardy’s test. It turns out that, then any
quantum Hardy correlation HQ, can be represented as

HQ=c0PNL+
5

∑
i=1

ciPLi; ci > 0 ∀ i, and
5

∑
i=0

ci=1, (5.1)

with success in Hardy’s test pHardy =
c0
2 . With little algebra, it can be shown

that OR-AND wiring applied to two copies of HQ results in a correlation

H(2)
Q =2

((c0

2
+ c1

)2
− c2

1

)
PNL + c2

1PL1 +
(

c0

(
1− c0

2

)
+2c2

(
1− c2

2

)
− c0 (c1 + c2)

)
PL2

+ c3 (2− c0 − c3 −2c2)PL3 + c4 (c0 +2c1 + c4)PL4 + c5 (c0 +2c1 +2c4 + c5)PL5.

(5.2)

Eq.(5.2) is clearly in the form Eq.(5.1) (i.e., both are convex mixtures of same
set of one nonlocal and five local boxes) and therefore the correlation resulting
from wiring is a Hardy nonlocal correlation, establishing that OR-AND protocol
preserves Hardy structure of quantum Hardy correlations.
Thus on applying the OR-AND wiring to 2 copies of (parents) HQ one obtains
a resulting (child) Hardy correlation H(2)

Q with nonlocality strength p(2)
Hardy

=

(c0
2 + c1)

2 − c2
1. It is also clear from the expression that 2-copy OR-AND wiring

distills nonlocality whenever c0
2 +2c1 > 1. Similarly, on applying OR-AND protocol

to n copies of HQ we obtain a (child) Hardy correlation H(n)
Q with nonlocality

strength p(n)
Hardy

= (c0
2 + c1)

n − cn
1. The protocol serves the purpose of an effective n

copy distillation as long as p(k)
Hardy

> p(k−1)
Hardy

, for all k ∈ {2,3, ...,n}.

5.2.1 Distillation of arbitrarily weak quantum Hardy correlation

Let us consider the class of quantum correlations

H̃Q(λ ) := λHmax
Q +(1−λ )PL1, λ ∈ (0,1], (5.3)

75



Distillation and Discrimination of Post Classical Correlations

for which the Hardy success probability pHardy(λ ) = λk1 = λ

2 (5
√

5− 11). Then,
on applying the OR-AND protocol to two copies of (parent) H̃Q(λ ) yields the
child H̃(2)

Q (λ ) with Hardy success probability p(2)
Hardy

(λ ) = [λ (k1+2k2)+2(1−λ )]λk1.
Then it follows that p(2)

Hardy
(λ ) > pHardy(λ ) for λ ∈ (0,φ−1), where φ is the golden

ratio, i.e., φ = 1+
√

5
2 .

We will show now that on considering sufficiently large copies (n) of very
weakly nonlocal correlations H̃Q Eq. (5.3) with pHardy(λ )→ 0, we find that the
OR-AND wiring results in a Hardy correlation with a considerably large nonlocal
strength p(n)

Hardy
= 0.041.We further show that arbitrarily weak quantum Hardy

correlation can be distilled up to 0.0433.

To see this, let us turn to the distillability of quantum Hardy correlations
under multi copy OR-AND wiring. In general, here we consider a two parameter
family of quantum Hardy correlations which also includes the maximum quan-
tum Hardy correlation used in Theorem 8. The family of such correlations is as

Δhsucc

r

s

FIG. 5.3 The variation of distillation gap with r and s. The coloured region satisfies
Eq.(5.9) and the distillation gap of an (r,s) point is mapped by the color as
shown in the color bar. The white point denotes the correlation with maximal
distillation gap.
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follows,

H(r,s)
NS ≡

xy/ab 00 01 10 11



00 (1−r)r(1−s)s
1−rs

(1−r)2s
1−rs (1− r)(1− s) r

01 0 (1− r)s 1−s
1−rs

(1−r)rs2

1−rs

10 0 s (1−r)(1−s)
1−rs

r(1−s)2

1−rs

11 r(1−s)s
1−rs

(1−r)s
1−rs 1− s 0

(5.4)

where, r,s ∈ [0,1]. The measurements performed by Alice and Bob are given by

Alice’s measurements : {x0 ≡ {|0⟩⟨0| , |1⟩⟨1|}, x1 ≡ {|u0⟩⟨u0| , |u1⟩⟨u1|}} , (5.5a)

Bob’s measurements : {y0 = {|0⟩⟨0| , |1⟩⟨1|}, y1 = {|v0⟩⟨v0| , |v1⟩⟨v1|}} , (5.5b)

where, the first term in the brackets corresponds to the outcome 0 and second
term the outcome 1, and

|u0⟩ := Cα |0⟩+ eιφ Sα |1⟩, |u1⟩ :=−Sα |0⟩+ eιφ Cα |1⟩, (5.6)

|v0⟩ := Cβ |0⟩+ eιξ Sβ |1⟩, |v1⟩ :=−Sβ |0⟩+ eιξ Cβ |1⟩, (5.7)

with Cz := cos(z/2), Sz := sin(z/2) and α,β ∈ [0,π] & φ ,ξ ∈ [0,2π).

The two-qubit state on which the measurements are performed, yielding the
correlation (5.4), is given by

|ψ⟩
Hardy

:=
|u0v0⟩+Wα |u1v0⟩+Wβ |u0v1⟩√

1+W2
α +W2

β

; Wz := cot(z/2) (5.8)

where r := 1−S2
αS2

β
and s := r−1C2

α [95]. It can be verified that maximal Hardy

nonlocality is achieved when r = s = 1
2

(√
5−1

)
, resulting in Eq.(2.9) which we

have discussed in Chapter 2, Section 2.2.4. Correlation H(r,s)
NS can be distilled

using OR-AND protocol if and only if

r2(s+ s2)− r(s2 +2s)+(2s−1)> 0. (5.9)
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Furthermore, it turns out that the region of distillability remains the same for
the n-copy wiring. One can take a step further, and quantify the distillability
of these correlations under the n-copy OR-AND protocol using distillation gap,
defined as ∆hsucc := p(N

opt)
Hardy

− pHardy, where Nopt is the optimal number of copies
obtained from Proposition 1. The resulting variation of distillation gap with r and
s is shown in Fig.5.3. The colored region in the density plot satisfies Eq.(5.9) and
the distillation gap of a point is mapped by the color as indicated by the color bar.
The white point in the graph denotes the optimal distillation of approximately
0.0101896, obtained when 4 copies of the quantum correlation H(r,s)

NS identified by
r ≈ 0.1241 and s ≈ 0.8896 is used.

Interestingly, a much higher distillation gap can be obtained when one consid-
ers convex mixtures of the correlations given in Eq.(5.4) and PL1 . More strikingly,
high amount of nonlocality can be distilled from mixtures with vanishingly
small contribution from quantum Hardy correlations. For example, consider the
correlation from Eq.(5.3) given by,

H̃Q(λ ) := λHmax
Q +(1−λ )P[1]

L , λ ∈ (0,1].

The Hardy success of this correlation is pHardy(λ ) = λk1 =
λ

2 (5
√

5−11). Now, after
using the n-copy OR-AND protocol, the resulting Hardy success is given by

p(n)
Hardy

(λ ) = (c0/2+ c1)
n − cn

1 =
((√

5−3
)

λ +1
)n

−

(√
5

2

(√
5−3

)
λ +1

)n

.

Now, assuming very small λ and Taylor expanding around λ = 0, it turns out
that the leading order term in the expression for optimal number of copies (see
Proposition 1) is of the order λ−1. Hence, for very small values of λ , we can
ignore the floor function arising in Nopt . Thus, we have the following for p(N

opt)
Hardy

in
the small λ limit,

p(N
opt)

Hardy
(λ ) = 4(2+

√
5) 5(−

5
2−

√
5)
(√

5−2
)
−4(1+

√
5) 5(−2−

√
5)
(√

5−3
)

log
(

5
4

)
λ +O

(
λ

2)
≈ 0.0410237+0.0165601λ +O

(
λ

2) (5.10)

Eq.(5.10) tells that even as λ approaches 0, corresponding to vanishingly small
initial nonlocality, the optimal use of the n-copy OR-AND can distill a high
nonlocality of approximately 0.0410237. In fact, this increases linearly with λ .
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5.2 OR-AND wiring and the structure of quantum Hardy correlations

r

s

FIG. 5.4 The variation of distilled Hardy success in the λ → 0 with r and s. The Hardy
success of an (r,s) point is mapped by the color as shown in the color bar.

In the above, we have considered the mixture of optimal quantum Hardy
correlation Hmax

Q with PL1 . We can consider the same scenario for arbitrary H(r,s)
Q .

Then again, in the small λ limit, one can follow similar steps to arrive at the
following expression for the optimal Hardy success in the limit of vanishing λ ,

lim
λ→0

p(N
opt)

Hardy
(r,s,λ ) =

(1− r)r(1− s)s
(

1−s+(1−r)rs
1−s+(1−r)rs2

)(1− 1
(1−r)rs−

1
1−s

)
1− s+(1− r)rs

. (5.11)

A density plot of Eq.(5.11) is shown in Fig.5.4, where the distilled Hardy success
of the point (r,s) is indicated by the color of the point. Moreover, one can find
the optimal value of Eq.(5.11) to be approximately 0.0433049, attained when
r = 1

2 and s = 2
3 . This is interesting, since it means that the mixture of a weakly

nonlocal Hardy correlation with local noise can distill more nonlocality than a
mixture with the optimal quantum nonlocal Hardy correlation and the same
local noise. This again reveals the nontrivial structure of nonlocality distillation.
Finally, note that despite the ability of the OR-AND protocol to distill high Hardy
success from a mixture of H(r,s)

Q and PL1, one can numerically verify that the
distilled success of this mixture is never greater than the distilled success of
H(r,s)

Q itself.
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While applying multi-copy OR-AND protocol it turns out that the optimal dis-
tillation of Hardy’s success is obtained with a threshold number of initial boxes,
and the success gets decreased if more number of initial boxes are considered.
Our next proposition provides an exact expression for the optimal number of
initial Hardy correlation required for maximal distillation.

Proposition 9. A no-signaling Hardy correlation of the form of Eq.(6.1) yields
Hardy success p(n)

Hardy
= (c0

2 + c1)
n − cn

1, when its n-copy is wired under OR-AND
protocol. The optimal value of distilled Hardy success is given by popt

Hardy
=

max{p(N)
Hardy

, p(N+1)
Hardy

}, where

N :=
⌊

log
(

logc1

log c0
2 + c1

)
/ log

( c0
2 + c1

c1

)⌋
. (5.12)

Proof. Condition for n copy distillation demands that at least two copy distillation
must be successful, i.e., n ≥ 2. This imposes the condition c1 >

1
2 −

c0
2 (along with

other conditions c0 ≥ 0, c1 ≥ 0, and c0 + c1 ≤ 1 on the coefficients c0 and c1 of the
respective boxes PNL and PL1). Let us consider a continues and smooth function
f (x) =

(c0
2 + c1

)x − (c1)
x obtained by substituting the number of copies n with a

continuous variable x ∈ [1,∞) in the expression for Hardy’s success probability
pn

Hardy
= (c0

2 + c1)
n − cn

1. The derivative d f (x)
dx takes the value zero at exactly one

point given by

x∗ = log
(

logc1

log c0
2 + c1

)
/ log

( c0
2 + c1

c1

)
. (5.13)

Then, one can conclude that the critical point x∗ is the point of global maxima
of f (x) because due to at least two copy distillation condition f (x) must be an
increasing function in the beginning, then it achieves the global maxima at x∗

and starts decreasing when x > x∗. Let us define N = ⌊x∗⌋, then since f (x∗)≥ f (x)
for all x ∈ [1,∞) it easily follows that the optimal value of distilled Hardy success
is given by popt

Hardy
= max{p(N)

Hardy
, p(N+1)

Hardy
}. The optimal number of copies of initial

boxes yielding maximum distillation of Hardy success, i.e., Nopt is either N or
N+1; the one which gives maximum Hardy success. This completes the proof.

5.3 Distillation of CHSH nonlocal quantum correlations
Here, we consider quantum nonlocal correlation, not necessarily in Hardy form,
to establish an even higher Tsirelson gain through the OR-AND wiring. Since
a correlation with Hardy success pHardy yields CHSH value 2+4pHardy [250], in
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5.3 Distillation of CHSH nonlocal quantum correlations

order to measure the efficacy of distillation let us define the Tsirelson gain in
percentage as follows,

∆T :=
1

2(
√

2−1)
(BChild −BParent)×100%. (5.14)

Manifestly, the gain will be 100% when by wiring a nonlocal correlation with
arbitrary small CHSH violation, the distilled correlation achieves Tsirelson’s
bound – the maximum CHSH value in NS [253]. We then obtain that under the
OR-AND wiring a quantum Hardy correlation can yield Tsirelson gain at most
20.9%.

Theorem 9. Starting with a quantum correlation with arbitrarily small CHSH
nonlocality OR-AND wiring can yield Tsirelson gain up to (≈) 39.75%.

Proof. Consider a one parameter family of quantum correlations given by

B̃Q(λ ) := λBmax
Q +(1−λ )PL1 , λ ∈ (0,1], where, (5.15)

Bmax
Q := (

√
2−1)PNL +

1
4

(
1− 1√

2

) 8

∑
i=1

PLi.

Note that the correlation Bmax
Q saturates the Tsirelson’s bound in NS. Manifestly,

B̃Q(λ ) yields CHSH value B(λ ) = 2+(2
√

2−2)λ . After 2-copy OR-AND wiring
the resulting correlation B̃(2)

Q (λ ) attains CHSH value B(2)(λ ) = 2+2(2
√

2−2)λ +

(11/4 − 3
√

2)λ 2. Distillation is successful whenever λ < 8
167(13 −

√
2) ≈ 0.555.

While appropriate choice of λ yields maximal Tsirelson gain (≈) 13.9% with 2-
copy distillation of the correlation B̃Q(λ ), multi-copy OR-AND wirings can yield
a maximal gain (≈) 39.75% and is obtained via distillation of parent correlation
with arbitrary small value of λ .

In the proof to Theorem 9, we have showed that a mixture containing PL1 and
arbitrarily small amount of Bmax

Q can be distilled using the OR-AND protocol.
Now, we numerically show that by using the optimal number of copies, we can
distill to a high CHSH value of 2.32.
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For this, first note that, given an arbitrary correlation P ≡ {p(ab|xy)} the
resulting correlation after n-copy OR-AND protocol is given by,

p(n)(00|xy) = (p(00|xy)+ p(01|xy))n − p(01|xy)n, (5.16a)

p(n)(01|xy) = p(01|xy)n, (5.16b)

p(n)(11|xy) = (p(11|xy)+ p(01|xy))n − p(01|xy)n, (5.16c)

p(n)(10|xy) = 1− p(n)(00|xy)− p(n)(01|xy)− p(n)(11|xy). (5.16d)

Eq.(5.16) can be easily verified using mathematical induction starting from the
2-copy OR-AND protocol. Using Eq.(5.16), we arrive at the following expression
for the distilled CHSH value (Bn(λ )) of the correlation B̃Q(λ ) using the n-copy
OR-AND protocol:

B(n)(λ ) = 2−8
(

1− λ

2

)n

+12
(

1− 1
8

(
6−

√
2
)

λ

)n

−4
(

1− 1
8

(
6+

√
2
)

λ

)n

.

(5.17)

Eq.(5.17) can now be used to estimate the maximum CHSH value that can be
distilled in the λ → 0 limit. However, this scenario is more difficult compared to
the proof in Section 5.2.1 since we do not have an analytical expression for the
optimal number of copies for maximal distillation of the CHSH value.

C
H

SH
 v

al
ue

Number of copies (x107)

FIG. 5.5 The distilled CHSH value of the correlation B̃Q(λ ) is plotted as a function of
the number of copies for different values of λ . The figure shows that optimal
distilled CHSH value is around 2.32928 for the different values of small λ

considered, yielding the Tsirelson gain, ∆T ≈ 0.32928
2
√

2−2
×100% ≈ 39.748%

.
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5.3 Distillation of CHSH nonlocal quantum correlations

Let us start by considering a small value of λ = 10−7 and studying the vari-
ation of the distilled CHSH value with the number of copies (see Fig.5.5). As
seen from Fig.5.5, the distilled value for λ = 10−7 initially increases with the
number of copies, reaches a maximum of 2.32928 for 1.04739× 107 copies and
then decays to the classical value of 2. Note that the CHSH value drops below 2
before eventually saturating at 2. Moreover, Fig.5.5 shows that peak value does
not change significantly as λ is reduced to λ = 1

210−7 or 1
510−7 and that overall

behaviour is similar upto some re-scaling.
This suggests that the optimal number of copies is inversely proportional to λ ,

in the small λ limit. This motivates an ansatz for the optimal number of copies
Nopt = α

λ
, for α unknown. Since the derivative for B(n)(λ ) with n vanishes at the

optimal number of copies, solving limλ→0
dB(n)(λ )

dn

∣∣∣
α

λ

= 0 can be used to find α . This

can in turn be done using Taylor expansion, yielding the value of α = 1.047391.
One can further numerically show that this ansatz is robust in the sense that for
λ < 10−5, dB(n)(λ )

dn

∣∣∣
α

λ

< 10−11. Thus, using this ansatz, we can obtain the following

expression for B(Nopt)(λ ) when λ < 10−5:

B(Nopt)(λ )≈ 2.32928+0.169161λ +O(λ 2). (5.18)

This proves the claim that as λ → 0, the AND-OR protocol can distill a large
nonlocality of approximately 2.32928.

Theorem 9 has many interesting implications for information processing
tasks, wherein higher CHSH violation is desirable for higher performance of
the protocols. For instance, the amount of certifiable randomness as obtained in
[219] monotonically scales with the degree of violation of CHSH inequality. On
the other hand, the authors in [223] come up with a conflicting interest Bayesian
game where the payoff in correlated equilibrium strategy increases linearly with
the amount of CHSH violation (see also [224]). More recently, the authors in
[225] proposed a communication task where pre-shared entanglement between
sender and receiver is shown to enhance the communication utility of a perfect
classical communication channel. As it turns out payoff of this task is also a
linear function of the value of CHSH expression [226].
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5.4 Distillable No-Signaling Correlations: Subsets of
Non-Zero Measures

By now, an observant reader might have already noticed that the local box PL1

plays crucial role in the proof of Theorem 8 and Theorem 9. We will now use this
observation to prove a generic result as formalized in the following theorem.

Theorem 10. CHSH nonlocality of any no-singling correlation of the form C̃(λ ) =
λC+(1−λ )PL1 , where 0 < λ ≤ 1 and C ∈ ConvexHull {PNL,PLi | i ∈ {1, · · · ,8}} can be
distilled through OR-AND wiring by choosing the values of λ sufficiently small.
Furthermore, 2-copy OR-AND distillation is successful for all the C̃(λ ) correlation
boxes whenever λ < 2

3c0; where c0 is the PNL fraction in C.

Proof. Given two correlations χ1,χ2 ∈ NS, let W [χ1,χ2] denotes the resulting
correlation obtained under OR-AND wiring, where W [χ,χ]≡ χ(2). We, therefore,
have

C̃(2)(λ ) = λ
2C(2)+λ (1−λ ){W [C,PL1]+W [PL1,C]}
+(1−λ )2W [PL1,PL1 ] .

A straightforward calculation yields, W [C,PL1] =C=W [PL1,C], that further result
in

C̃(2)(λ ) = λ
2C(2)+2λ (1−λ )C+(1−λ )2PL1.

While CHSH value of the box PL1 is 2, let the CHSH value of the boxes C and
C(2) be denoted as K (> 2) and K (2) respectively. Then, the CHSH value of the
correlations C̃(λ ) and C̃(2)(λ ) can be expressed as,

B(λ ) = λ K +2 (1−λ ),

B(2)(λ ) = λ
2 K (2)+2 λ (1−λ )K +2 (1−λ )2.

A successful distillation demands B(2)(λ ) > B(λ ), implying (K − 2)+ (K (2)−
2K +2)λ > 0, which can be guaranteed by choosing the values for λ accordingly.
This completes first part of the proof. A bit more calculation yields the quantita-
tive bound λ < 2

3c0, on the radius of the eight-dimensional ball centered at point
PL1 assuring 2-copy OR-AND distillation such that any nonlocal no-signaling
correlation, be it quantum or post-quantum, chosen from a nonzero-measure
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sector of the ball can be distilled (in the full eight dimensions).

Given two correlations χ1 ≡{p1(ab|xy} and χ2 ≡{p2(ab|xy} in NS, the resulting
correlation obtained through OR-AND wiring is denoted as W [χ1,χ2]≡ {p(ab|xy}.
The input-output joint probabilities for the resulting correlation reads as

p(00|xy) = ∑
b1∧b2=0

p1(0b1|xy)p2(0b2|xy); (5.19a)

p(01|xy) = p1(01|xy)p2(01|xy); (5.19b)

p(11|xy) = ∑
a1∨a2=1

p1(a11|xy)p2(a21|xy); (5.19c)

p(10|xy) = 1− p(00|xy)− p(01|xy)− p(11|xy); (5.19d)

for all x,y ∈ {0,1}. Now, let us consider two correlation C ≡ {c(ab|xy)} ∈ NS
and PL1 = {pL1

(ab|xy) = δa,0 δb,1}. We denote W [C,PL1] ≡ {pC,L1
(ab|xy)}, then on

substituting the probabilities of the local box PL1 , above stated relations for two
OR-AND wired boxes reduce to:

pC,L1
(00|xy) = c(00|xy); (5.20a)

pC,L1
(01|xy) = c(01|xy); (5.20b)

pC,L1
(10|xy) = c(10|xy); (5.20c)

pC,L1
(11|xy) = c(11|xy); (5.20d)

for all x,y ∈ {0,1}. Therefore, W [C,PL1] = C. Similarly, by substituting the proba-
bilities of the PL1 box it also easily follows that W [PL1,C] =C, and W [PL1,PL1] = PL1 .

Further, for obtaining a quantitative bound on the the radius of the eight-
dimensional ball centered at PL1 within which any nonlocal correlation, in a
sector of nonzero-measure, allows 2-copy OR-AND distillation, we write the
correlation C in terms of the coefficients of the PR-box and eight local boxes, then

C = c0PNL +
8

∑
i=1

ciPLi. (5.21)
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Now on calculating, the respective Bell-CHSH values K and K (2) of respective
correlations C and C(2) we find that

K = 2(1+ c0), (5.22)

K (2) = 2+ c2
0 +4c0(c1 +2c4)+8c4(c1 + c2 + c3 + c5 + c6 −1)+8c2

4 −8c5c7. (5.23)

In the above we have used the normalization condition ∑
8
i=0 ci = 1 to eliminate

the coefficient c8. Then the condition for two copy distillation can be written as
follows:

(K −2)+(K (2)−2K +2) λ > 0

=⇒ 2 c0 +
{

c2
0 +4c0(c1 +2c4 −1)+8

(
c4(c1 + c2 + c3 + c5 + c6 −1)+ c2

4 − c5c7
)}

λ > 0

≡ 2 c0 + f (c0,c1,c2,c3,c4,c5,c6,c7) λ > 0.
(5.24)

Since 2c0 +min{ f (c0,c1, ...,c7)}> 0 =⇒ 2c0 + f (c0,c1, ...,c7)> 0, two copy distilla-
tion is possible if 2c0 +min{ f (c0,c1, ...,c7)}> 0. Further, min{ f (c0,c1, ...,c7)}=−3
and it is achieved at c0 = 1 and c1 = c2 = c3 = c4 = c5 = c6 = c7 = 0. Therefore, we
obtain that for any NS correlation C̃(λ ), two copy distillation is successful if

2c0 −3λ > 0 ⇒ λ <
2
3

c0. (5.25)

Thus we also have an analytical expression for the radius of the ball centered
at PL1 such that any nonlocal no-signaling correlation C̃(λ ), be it quantum or
post-quantum, chosen from a nonzero-measure sector of the ball can be distilled
(in full eight dimensions).

Theorem 10 has profound topological implication. It establishes that the
sets of no-signalling, as well as quantum correlations allowing nonlocality distil-
lation, have non-zero measure in the full eight-dimensional correlation space.
Furthermore, it should be mentioned that the correlation box PL1 appearing in
Theorem 10 is not any special local deterministic box: the result holds also for all
the remaining 15 local deterministic boxes on suitable relabeling of the OR-AND
wiring.

While the studies in nonlocality distillation of quantum correlations are
mostly limited to the 2-2-2 Bell scenario, Theorem 10 opens up an avenue to
study the same in a general N-M-K scenario that involves N spatially separated
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parties each performing M different measurements with K outcomes. It is not
hard to find the extreme local boxes in such a general scenario. Now if for such
an extreme box PL we obtain a wiring W such that W[PL,X] = X = W[X,PL] for
any N-M-K no-signaling correlation X, then it results in a generalization of
Theorem 10 in the N-M-K scenario. This consequently will imply that quantum
correlations allowing nonlocality distillation have non-zero measure even in this
general scenario.

5.5 Detection of Post-Quantum Correlations
We now proceed to show that OR-AND wiring has an important proviso in
ruling out (unphysical) post-quantum correlations. Several techniques are there
to establish post-quantumness of a given correlations. For instance, isotropic
no-signaling correlations yielding CHSH value more than 4

√
2/3 violate the

principle of nontrivial communication complexity [70] (see also [71–73]), thus
demarcating such correlations as unphysical. Furthermore, any NS correlating
with CHSH value more than Tsirelson bound violates the principle of information
causality [251, 252]. It has also been shown that a correlation might not violate
these principles by its own, but after distillation the resulting correlation violates
such a principle, which, in turn, establish unphysicality of the original correlation
[228] (see also [240]).

Interestingly, the OR-AND wiring becomes useful to establish post-quantum
nature of a correlation. Let us consider the following NS correlation

HNS = 0.1 PNL +0.85 PL1 +0.01 PL2 +0.01 PL3 +0.02 PL4 +0.01 PL5, (5.26)

=

xy/ab 00 01 10 11


00 0.05 0.85 0.01 0.09
01 0 0.90 0.08 0.02
10 0 0.93 0.06 0.01
11 0.01 0.92 0.07 0

(5.27)

which exhibits Hardy’s nonlocality with success probability pHardy = 0.05. While
its Hardy success is 0.05, after OR-AND distillation the Hardy success gets
increased. The optimal distillation is achieved for 8-copy parent correlation and
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the resulting child correlation reads as

H(8)
NS = 0.31594PNL +0.27249 PL1 +0.23246 PL2 +0.04999 PL3 +0.08275 PL4 +0.0436 PL5,

(5.28)

=

xy/ab 00 01 10 11


00 0.157977 0.272491 0.232454 0.337078
01 0 0.430467 0.486781 0.0827517
10 0 0.559582 0.390431 0.0499871
11 0.0463629 0.513219 0.440418 0

(5.29)

Child correlation H(8)
NS having the Hardy success 0.157977, which is greater that

optimal quantum bound (5
√

5−11)/2 ≈ 0.09, this fact then establishes the post-
quantum nature of the parent correlation HNS. As it turns out the correlation
HNS neither violates known necessary condition for respecting the principal
of nontrivial communication complexity nor for the principle of information
causality. However, the considered example violates the macroscopic locality
principle [254]. That being said, we do point out that checking membership to
the NPA hierarchy can become computationally expensive, particularly at higher
orders of the hierarchy, while the distillation criteria is far more tractable.

Importantly, several other known post-quantum tests fail to detect post-
quantumness of the correlation HNS. For instance, correlations having CHSH
value more than 4

√
2/3 ≈ 3.26599 violate nontrivial communication complexity

[70]. However, for the correlations HNS and H(8)
NS the CHSH values turns out to be

2.2 and 2.63088, respectively, which are strictly less than the aforesaid threshold
value 3.26599.

The authors in [251] have obtained a sufficient criterion for violation of the
information causality principle. For the CHSH symmetry considered in this
work, the condition reads as

I := E2
1 +E2

2 > 1, where Ei := 2Pi −1, with

P1 :=
1
2
[p(a⊕b= 0|00)+ p(a⊕b= 1|10)], P2 :=

1
2
[p(a⊕b= 1|01)+ p(a⊕b= 1|11)]
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For the correlations HNS and H(8)
NS the values that I attain are respectively

0.9578 and 0.9565. Therefore information causality remains silent about the
post-quantum nature of these boxes.

However, it may be noted that correlation given in Eq.(5.26) falls outside the
first level of the NPA-hierarchy [245]. This easily proves the post-quantumness
of the correlation under consideration, and moreover, implies that the correlation
violates the principle of macroscopic locality [254].

That being said, we do point out that checking membership to the different
levels of NPA hierarchy can become computationally expensive, particularly
at higher levels of the hierarchy, while the distillation criteria can be far more
computationally tractable. For instance, let us consider the correlation:

H′
NS =

xy/ab 00 01 10 11


00 0.0773 0.0256 0.5599 0.3372
01 0 0.1029 0.7804 0.1167
10 0 0.3374 0.6372 0.0254
11 0.1178 0.2196 0.6626 0

. (5.30)

One may easily verify that correlation given in Eq.(5.30) is post-quantum by ob-
serving that after 2-copy distillation using OR-AND protocol, the Hardy success
goes up to 0.0925 (a value beyond the maximum possible success probaility in
quantum mechanics). On the other hand, for the considered correlation, tests
like known necessary conditions for violating non-trivial computational com-
plexity and information causality principle fails to detect its post-quantumness.
However, unlike the first example, on considering NPA criteria, a member-
ship test into the second tier of the NPA hierarchy is required to establish the
post-quantumness of this correlation. Along similar lines, one may imagine
post-quantum correlations like Eq.(5.30) that lies at further deeper levels of the
NPA-hierarchy, while its post-quantumness may be conveniently detected via
efficient nonlocality distillation protocols.

5.6 Concluding Remarks
Distillation, the process of extracting a desirable substance in pure form from
a source of impure mixture through heating and other means, has an ancient
history. Quite interestingly, during recent past, the idea finds novel applications
in quantum information theory, where one aims to obtain fewer number of higher
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resourceful states starting with larger number of lesser resourceful states under
free operations [255]. Some canonical examples are: (i) for our present study, the
resource theory of Bell-nonlocal boxes [256, 257], or (ii) the well known protocols
for quantum entanglement distillation, where many copies of mixed entangled
states are distilled into pure form under local quantum operations and classical
communications [258].

In summary, we have established a generic approach for distillation of non-
local correlations arising in quantum mechanics. This problem is of utmost
importance as Bell nonlocal correlations are ubiquitous in device-independent
protocols – more the nonlocality more the utility. Interestingly, we come up with
an elegant protocol, the OR-AND wiring, that distills nonlocality in quantum
correlations with high efficiency. In the simplest bipartite scenario, in stark
distinction with the results reported prior to our work [227–240, 74, 75], our
protocol establishes that, within the set of full eight-dimensional correlation
space, the distillable quantum as well as no-signaling nonlocal correlations form
subsets of non-zero measures; i.e., sector of open balls of a specified radius cen-
tered at local deterministic correlations (Theorem 10). Moreover, by considering
correlations arbitrarily close to local deterministic points, applying our protocol,
with optimal number of copies, one can distill nonlocality by a significant amount
both for the quantum as well as post-quantum non-signaling correlations. Fi-
nally, we also demonstrate the efficacy of the considered distillation protocol in
detecting post-quantum correlations.
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Chapter 6

Summary and Further Outlook

Let us now summarize the main results of this thesis. We have studied the
significance of various discrimination tasks and their implications in different
quantum information processing scenarios. We introduced the task of local state
marking (LSM) in Section 3.8, a novel variant of the local state discrimination
task (LSD). In Section 3.9, we show how these two tasks are inequivalent. In
Section 3.10, we present examples of a set of mutually orthogonal bipartite states
that cannot even be marked locally. Hence, this results in a stronger form of
quantum nonlocality in the LOCC paradigm than what we already know. Then
in Section 3.11, we go on to explore the possibility of entanglement-assisted
marking of states that otherwise are locally unmarkable. The advantage of
LSM becomes apparent in comparison to multi-copy LSD in an information-
theoretic task which we discuss in Section 3.12. Thereafter, in Section 4.4, we
show that the maximal tensor product theory, also known as the SEP theory,
one of the many theories concerning the composition of local quantum systems,
does indeed show beyond quantum correlation even concerning bipartite local
quantum systems. We were able to show this using a game that is based on
a pairwise distinguishability task. From there, we go on to prove that SEP
theory shows dimension mismatch, which we discuss in Section 4.5. We then
demonstrate in Section 4.6 that the gap between the information dimensions
of a system composed of three-qubit subsystems under the SEP composition
rule and those under the quantum composition rule is even larger than in the
bipartite case with two-qubit subsystems. This establishes that the gap in the
communication utilities of quantum theory and the SEP theory increases further
once we increase the cardinality of the pairwise distinguishability game to 24.
Thereafter, we move to the context of Bell nonlocality. Bell inequalities dis-
criminate a classical correlation from a post-classical one. However, the degree
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of nonlocality can vary from one correlation to the other. The nonlocality of a
correlation is a resource in information-processing tasks. Hence we move on to
the study of distillation of the nonlocality in correlations. In Section 5.2, we give
a distillation protocol for Bell correlations which can preserve the structure of
Hardy correlations as well as distill their strength of nonlocality. In Section 5.3,
we demonstrate that applying the OR-AND wiring to a wider range of quantum
correlations produces a notable outcome: an arbitrarily small violation of the
Clauser-Horne-Shimony-Holt (CHSH) [205] inequality can be amplified to a sig-
nificantly higher degree. Subsequently, in Section 5.4 using our protocol we show
that nonlocal correlations, which are arbitrarily close to the boundary of local
correlations, can consistently be distilled. This finding implies that the sets of
distillable quantum and non-quantum correlations occupy a non-zero measure in
the full eight-dimensional correlation space. Moving to post-quantum scenarios
in Section 5.5, we examine how the OR-AND protocol operates effectively in this
context as well. Specifically, we identify correlations that display post-quantum
behavior when distilled through the OR-AND process, even when principles such
as nontrivial communication complexity [70] or information causality [251, 252]
fail to detect the post-quantum nature.

The present thesis leaves open several important questions and possibilities
for further study. In the following we summarize some of those and mention
some of the relevant issues.

1. It is important to resolve the question of optimal resource consumption
for local state marking task with and without catalysts as mentioned in
discussions after Theorem 4 and in Section 3.11, respectively. Furthermore,
all the ensembles considered in the present work consist of bipartite entan-
gled states. Except for Corollary 2, the present work does not provide much
insight into the local state marking of ensembles containing only product
states. Does there exist such a product ensemble that cannot be marked
locally? If yes, would it imply a stronger notion of nonlocality without
entanglement [174]? In the recent past, this phenomenon of nonlocality
without entanglement has been studied in the generalized probabilistic
theory framework [154]. It might be interesting to extend the study of LSM
in this framework.
In the same spirit of multipartite LSD [181], exploring LSM for multipar-
tite systems might unveil new features of LOCC as well as of multipartite
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entanglement. Finally, local indistinguishability has also been shown to
have practical implications in cryptographic primitives such as data hid-
ing and secret sharing. It would be quite interesting to find such novel
applications for the LSM task introduced here.

2. In Section 4.5, Corollary 4 and Theorem 6 establish that the phenomenon
of dimension mismatch occurs in SEP composition, it has been shown
[201, 196] that dimension mismatch occurs in SEP composition as well. A
natural question then is to ask what other compositions can be ruled out
using dimension mismatch. Another interesting direction to explore is by
relaxing the assumption of quantum sub-systems. Propositions 7 and 8
provide some preliminary results in the GPT framework which may be
useful in this regard.

3. In Section 5.2, we gave the OR-AND wiring protocol which preserves the
structure of quantum Hardy correlations and can efficiently distill the
strength of success probability in Hardy’s test of nonlocality. As for the
future, it would be interesting to explore the full potential of our generic
framework proposed here in distilling quantum nonlocal correlations. In
particular, obtaining some bound on the relative volume of the quantum
correlations in the correlation space that can be distilled under OR-AND
wiring would be interesting. Furthermore, a generalization of this protocol
for higher input-output as well as in multiparty scenarios might be of great
use.
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